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Definition of vector norms

Vector Norms

Unit circle
<[], <1

1 2 (Euclidean) norm :
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o or “max” norm :

Unit square
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From lec3.gps
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The Pl‘nase clﬂange comes from the cl‘nange in distance
(#wavelengkhs) between the two “rays”

(at constant velocitg) chanﬁe geometric distance
travcle

(change in Icngth of 1/2 wavclength causes nchangc in
Phasc — and destructive interference)



Michelson Interferometer
Make two Paths from same source
(for coherence, can do with white |ightl)
Michelson interferometer

A

movable mirror —___
;»r,
-——— half-silvered mirror

d+x J

1y /
Can change geometric Path Iength with movable mirror

(eg mount on spcakcr) .

Get interference “Fringcs” when recombine.
AT IE TR AR,

httP: ./ / www.Physics.ucl.eclu.au/ PeoPle/ mcintgrc/ applcts/ michelson/michelson.htm]



Note from animation
Can “integrate” (count continuously)

the Fringes and how theg changc,

but there is a certain ambiguitg
(each set of {:ringes looks same as others)

[no “reference” frin ge]






Another way to get Phase change
Changc the “oP’cical Path |engtln” (c.g. change velocitg)

What counts is number of “cgcles” (wavelengths) ,

not geometric distance.



Cl‘nange oPtical Fath length 133 changing index of

retraction along Path

(this is what haPPens to GPS in ionosplnere and
troposphcrc

— error for crustal motion,

signal for ionospheric Phgsics, weather, etc.)



GPS Carrier (beat) Phase observable

(Thc word “beat” is usually not included in the “carrier
g NTEH
Phasc observable” name, which can cause some
confusion)



The keg is to count radio wavelengths between satellites
and receiver-.

This number (the Phase) IS an integcr Plus a fraction.

One
wavelength

(one cycle)

CarrierPhase_GPS.Pclxc

Strang, hﬂtp //www.siam.org/siamnews/\ gcncra|/ gpshtm



Phase measurements

One can convert Phase to distance Yy multiplging 133 the
wavelcngth

(so Phase measurements are ano’cher way to measure the
distance from the satellite to the receiver)



The wavclengths o{: the carrier waves are very short —

APProximatelg
19cm for L1and
24cmforl 2 —

com Pa er tO thC C/ A (~§Oom 3 Global positioning system: theorg and aPPlications, Volume
1; Volume 163, By Bradford W. F’arkinson, James J. SPi”«:r) ad nd P COdC Ch iP lengths.

ht’cp: // vwvw.gmat.unsw.edu.au/ snaP/ gPs/ gPs_survey/ cha@/}l&htm



PI’TBSC measurements

Phase can be measured to about 1% of A (3°)
This gjves a Precision of

~2 mm for Li
~2.4 mmforl2



PI’TBSC measurements

this means that carrier Phase can be measured to

millimeter Prccision

comParecl with a few meters for C/A code measurements
(and several decimeters for P code measurements).

ht’cp: // vwvw.gmat.unsw.edu.au/ snaP/ gPs/ gPs_survey/ cha@/}l&htm



Tracking carrier fhasc signals, however, Provicles no time
of transmission information.

The carrier signals, while modulated with time tar?gecl
binarg codes, carry no time-tags that distinguis one
cgcle from another.

TAGGED CYCLES AT TIME 4 TAGGED CYCLES AT TIMEE
pnl | |
M) REMOTE i)
L/ RECEIVER or
v | LA
(h REFERENCE (7 '
1 RECEIVER 1

RANGE FROM SV TO REMOTE HAS CHANGED BY 7 CYCLES
(IF NO CYCLE SLIPS HAVE OCCURRED)

CARRIER PHASE TRACKING

P H Dana 8/1794

Dana, http:/ /www.colorado.edu/ gcography/ gcraﬁ:/ notes/| gps/ gps_ﬁ html



The measurements used in carrier Phase tracking are
differences in carrier Phasc cgcles and fractions of
cgcles over time.

TAGGED CYCLES AT TIME A TAGGED CYCLES AT TIMEE
b I | |
i REMOTE ..m
1 RECEIVER !
)h . .
(h REFERENCE (7 '
ot RECEIVER —

RANGE FROM SV TO REMOTE HAS CHANGED BY 7 CYCLES
(IF NO CYCLE SLIPS HAVE OCCURRED)

CARRIER PHASE TRACKING

P H Dana 8/1794

Dana, httP:/ /www.colorado.edu/ gcography/ gcra{:t/ notes/| gps/ gPs_{:‘ html



U

Phase measureme
discriminate one (eit

n{:ortunatelg

ntis “ambiguous" as it cannot
her Ll1or1L.2) cgcle from another

(t]weg a

| “look” the same).

TAGGED CYCLES AT TIME A

il
1!1:

j.
L

RANGE FROM

(IF NO CYCLE SLIPS HAVE OCCURRED)

CARRIER PHASE TRACKING

TAGGED CYCLES AT TIMEE

|
REMOTE (i)
RECEIVER ol

| &
REFERENCE 11“, '
RECEIVER 1

SV TO REMOTE HAS CHANGED BY 7 CYCLES

F H Dana 8/17/94

http: // www.gmat.unsw.eclu.au/ snal:)/ gPs/ gPs_surveg/ chap}/}lﬁ.htm



In other words, time-of-transmission information for the
signal cannot be imPrintecl onto the carrier wave as is
done using PRN codes

(this would be Possible onlg if the PRN code Frec]ucncg
was the same as the carrier wave,

rather than 1594 or 120 times lower — and longer - inthe
case of the P cocle,

and 154-0 or 1200 times Iowc-:l” — and |ongcr - for the C/A
code).

ht’cp: // vwvw.gmat.unsw.edu.au/ snaP/ gPs/ gPs_survey/ cha@/}l&htm



The basic Phase measurement is therefore in the range

O’to 360°

(or Oto 2n)

ht’cp: // vwvw.gmat.unsw.edu.au/ snaP/ gPs/ gPs_survey/ cha@/}l&htm



P}'IBSC measurements review:

Phase measurement PRECISE

But AMBIGUOUS



Another complication ~
Phase measurements have to be corrected for
Prol:)agation effects

(scvcra| to 10’s oF meters) to benefit From thc increasccl
Precision



The ‘«-:3 is to count radio wavelengths between satellites
and receiver.

This number (the Phase) IS an integer Plus a fraction.

Ay Sy Ay ARy SRy Ay AUy AU AUy SRy SRy SRy SRy ARy SRy ARy SRy ARy AUy ARy AUy Suy Suy Auy Sy Suy Sy Auy Suy Auy auy any' ey any swy swy smy' swmy' sy swmy' swy' sy owy' syl

The intcgcr Part (ca"ccl the ambiguitg) is the trickg
Problcm.

It has to be riglnt, because one missing wavclcngl:h means
an error of 19 cm or 24 cm (the satellite transmits on two
Frec] uencies).

Strang, ]'ﬂrtpz/ /www.siam.org/siamnews/. gcncra|/ gps‘htm



DiFFerence o{: Phase measurement at two Poin’cs

(stags constant with time and dePends on distance [for
stationary source])

Low Frec] uency

1.00 ——
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Outgoing

Outgoing +at
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Hi ghcr {:recluencg.

Phase difference still says somcthing about distance but
how to |<now number o cgclcs?
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Note that the Phase is not constant for fixed Positions of
the transmitter and receiver-.

The rate of Phasc chan e, and therefore the Frcqucncg
(Freclucncg is rate of ¢ ange of Phase) , Is constant in
this case.

Movinitransmitters and receivers cause the rate of
Phasc change to vary, and therefore the Frcclucncg to
vary --- a DOPPIer shift.



Ambiguity

We can |<ee|:> trac|< o{: Phase once we loc|< onto it.

Phase measurements

* When a satellite 1s locked
(at 7,). the GPS receiver
starts tracking the
mcoming phase

= Tt counts the (real) number
of phases as a function of
time = Ag (7)

* But the initial number of
phases Nat 7,13
unknown. ..

= However. 1f no loss of
lock. N 1s constant over an
orbit arc

But can’t tell how many whole cgclcs/ wavclcngths there
are between satellite and receiver

From E. Calais



Determining this integer is like swimming |aPs ina Pool

after an hour, the fractional part IS obvious, but it is easy
to i:orget the number of Iaps completec:l.

Strang, ]'ﬂrtpz/ /www.siam.org/siamnews/. genera|/ gPs‘htm



You could estimate it ]:)9 clivicling total swim time ]33
aPProximate laP time.

For a short sSwim, the integer is Probablg reliable.

But the longcr you swim, the greater the variance in the
ratio.

In GPS, the |onger the baseline between receivers, the
harder it is to find this whole number.

Strang, ]'ﬂrtpz/ /www.siam.org/siamnews/. gcncra|/ gps‘htm



Phase, Frequcncy and Clock time

Phase is angle of rotation

Signal
A
_——_ Time, ¢ 4 F
\ s /\
Ay p '. ",/ \.“ "'/' \
". (D I n' t‘ " ‘,|' ".
| —— | 05 10 "
\ Rotates with | ¢ \ [ Phase
vequency \/f‘ (cycles)
— e Ay

Unitis cycles
Note is ambiguous bg whole “rotations”

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”



Concept of time
(or at least keeping track of it)
based on Pcrioclic “motion”
Day — rotation of earth on own axis

Year — rotation of earth around sun

Quartz crgstal (or atomic) oscillations
Etc.

Phase is “%” of period.
But does not count whole Periocls.

Need way to convert Phase to time units.

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”



Where

T () is time accorcling to our clock at (some “absolute”
time) t

0, = (t=0) is the time origin (our clock reads 0at ¢,)

k is the calibration constant converting cgclcs to
seconds

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”



Frecluency

l':xl:)rcssecl as cgcles~|:>er~seconcl
(Sl unitis actua"g Hertz)

Assumes rotation rate is constant

Better definition — rate of cl‘mange of Phasc with rcsPect
to time

_ dg(t)
U dt

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”



do(1)

f = 7Tt constant pure sine/cosine
Signal
A
05 70 >
Rotates W|th ¢ \ ' Phase

frequency \/ (cycles)

Phase changes linearlg with time

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”



We will treat
-~ Phase as the fundamental cluantitg

L Frccluencg as the derived cluantitg or clePenclcnt
variable

Basis for “ideal” clock

Constant Frec]uencg

¢ideal 1 fOt + ¢0
T;'deal T kat

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”



ics of GPS in “GcodcticAPPhcationso GPS”

¢ideal T ][OZL + ¢O
7-;'a,’eal Ik kat

This suggests that

k=1/£,




So we can describe the signal below as

A(t) = A, sin(27¢(1))

\ Rotates with |
frequency, f

——

Signal

—-‘!aj B

A
4 T /‘\
|/ / \
|.' ;"' >
o 0 1.0 Phase
/ (cycles)

If one measures A (%) one can determine ¢ (%)

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”



Signal forideal clock

A ()= sm(2.7r¢ldeal )

A (t)=A n(2 fot + ¢, )

A (t)=A cos(2n¢0)s1n(2fq”0 )+A0 sin(2n¢0)cos(2@f0t)
Ao () = AS sin(wgt ) + AS cos(w,t )

Slgnal for real clock

A,..(T) = A sin(w,T )+ AS cos(w,T )
GPS signal of this form PLUS “modulation” ]33 + or —1.

itt, Basics of GPS in “Geodetic APPhcations of gpPs?



To “receive” a GPS signal the

received signal (whosc Frcqucncg has been shifted ]:)3
the Doppler eHect — more Iater) is mixed with a receiver

gcncratccl COPg O{: t’l"lC signal

Proclucing a beat due to the difference in Freclucncg

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”

Reference signal

GPS signal

Reference x GPS

Beat signal



Wl"\CI"\ two SOUﬂCl waves O{: Cli{"‘FCf'Cnt {ZI"CC

uenc aPPf’OaCh

your ear, the altemating constructive and destructive

interference causes the sound to be a

ternativelg soft

ancl IOUC!

-a Phenomcnon which is called "beating" or Proclucing

beats.

~The beat Frecluencg IS cclual to the absolute value of the
difference in Frccluencg of the two waves.

345 m's
C Constructive interference

D Destructive interference

http:/ /h Perphgsics‘Phg—astr.gsu‘cclu/ hbase/sound/
beat.htnﬂb)



Beat F‘rec]uencies in Sound

The sound of a beat {:recluencg or beat wave is a
Huctuatinf volume caused when you add two sound
waves O slightlg ditferent Frecluencies together.

if the Frec]uencies of the sound waves are close enouhgh
together, you can hear a relativelg slow variation in the
volume of the sound.

A good cxamplc of this can be heard using two tuning
érks that are a few Frec]uencics aPart. (orin a twin
engine airplanc when the engjnes are not “s%nchecl” =

you hear a “wa-wa-wa-wa-... noise

|'1ﬁ:|:>: V//A www.school—{:or—chamPions.com /science/sound_beat htm



Beats are causccl 133 thc intchcrencc o{: two waves at thc
same Point In space.

cos(2fg”1) + cos(2fgf2) = 2Acos(2n J ;fz)cos(Zn i "z'fz)

fl_fz
2

f beat

IV WD
of minimia, which / oy

haPPCnS twice Per z\/\/\/\ j\/\/‘u/\/\/\/\ [V\/\,\

CHCIC.

WA

A
|
-8 e

Beat -~ F‘recluencg

-
-

http:/ /A thchhgsics‘Phg-astr.gsu‘cdu/ hbase/sound/beat.html



Note the {:reclucncics are
half the difference and
@ragc of the original Freclucncics.
—\
cos(2af, ) + cos(2xf,) =2A cos(2n Ji : £ ) cos| 271 -|2- J: )

Different than | a0V UAAANVAN

multiplying (mixing)

the two Frequencxes. {X/\/\/\ j\/\/\v,\/\/\/\ N\/\}

http:/ /A hgpcrphgsics‘Phg-astr.gsu‘cdu/ hbase/sound/beat.html




Product (mix) T M

YU T
j ! U 1 1
2 5

(get sum and
difference, not half || R
bthem | || W
AV VUL
s /\ﬂ T
sum ) 4 /\}
A




ht‘tpz // webphgsics.Ph.msstate.eclu /jc/ Iibrarg /15-11/
index.html

Set up to see Phase vel ancl group vel oPPosite sign
(Package goes one way, waves inside g0 other)

A=24and22,v=5and? resPectivelg

http: //Www. geneseo.eclu /~freeman/animations/
Phase_versus _grouP_velocitg.htm



