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Fig 5: Spectrum of a FHSS Signal
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GPS signal strcngth ~ Frccluencg domain
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GPS signal strcngth ~ Frequencg domain
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GPS signal strcngth ~ Frccluencg domain

S0

WA— A | The calculated
oan bower sEectrum
) derives from the
e o Sourier transform
of a square wave of
il A— 13dB ] )
“H width 27 and unit
i amplitude.
Pade Common function in
DSP called the
P ~ . nam “sinc” function.



PRN Codes

GPS signals implement PseudoRandom Noise Codes
Enables very low power (below backgrouncl noise)
A Form omc cﬁ}‘cct—-scqucncc sprcac/-spcctrum

SPechcicaug a form of Code Division Multiplc Access
(CDMA), which permits Frecluencg sharing

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



PSCUC!O random numbers/ SCCIUCI"\CCS

What are t 169?

Deterministic but “look” random

E'.xample — cligits of m

514159265558979525846264558527950288419716939957510

I ooks like a random sequence of single cligit numbers.

But you can comPute it. Is Per:ectlg deterministic.



F‘requencg of individual cligits (First 10,000 digits)
This list excludes the b, before the decimal Point

Digit Frequency
0 068
1026
1021
974
1012
1046
1021
970
048
1014
10000

O o JdJdoy Ul dWMNBKH

H
o)
(.r
]
=

http: //www.ex.ac.uk/cimt/ gencral /i PﬂOOOO.htm



PRN Codes

Codes are known “noise-like” sequences
Each bit (0/1) in the sequence is called a c/n}o

Each GPS SV has an assigned code

Receiver generates ec]uivalent sequences interna“y and
matches signal to iclentn{:y each SV

There are currcntly 52 reserved PRN’s
(so max 32 satellites)

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



PRN Code matching

Receiver slews intcrna“{gencrate& code sequence until
full “match? is achieved with received code

Time data in the nav message tells receiver when the
transmitted code went out

Slew time = time dciag incurred b]tj SV-to-receiver range
Minus clock bias and whole cgcie ambiguities

Receiver/Si nal Code Comparison

AN TUNA >
MU >

A. Ganse, (. Washington 4 httP:/ / stai:F.washingbon.eclu/aganse/




Coarse Acquisition (C/A) Code

1023-bit Gold Code

Origina"g intended as simplg an accluisition code for P-
code receivers

Modulates L1 onlg

ChiPPing rate =1.025 MHz
(290 meter “wavelcngth”)

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Coarse Acquisition (C/A) Code

Sequence Length = 1023 bits, thus Period = 1 millisec

“300 km range ambiguitg: receiver must know range
to better than this for Position solution

Provides the data for Standard Positionlhg Service
(SPS)

The usual Position generatecl for most civilian
receivers

Modulated bg the Navigation/’]'iming Message code

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Precise (P) Code

Genera"g encrgptecl 133 W code into the Y-code
Requires sPecial chiP to decode
Modulates both L1& 1.2
Also modulated 133 Nav/Time data message

ChiPPing rate =10.25 MHz

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Precise (P) Code

Sequence Length = BIG (Period = 267 clays)

Actua"g the sum of 2 sequences, Xl & X2, with sub-
Periocl of 1 week

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Precise (P) Code

P-code rate is the fundamental {:rcquencg (Provides the
basis for all others)

P-Code (10.23 MHz) /10 =1.023 MHz (C/A code)
P-Code (10.23 MHz) X 154 = 1575.42 MHz (L1).

P-Code (10.2%5 MHz) X 120 =1227.60 MHz (L2).

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Code Modulation

L1 CARRIER 15735.42 MHz

WAMAMWWAHWAVAM X L1 SIGNAL
C/A CODE 1.023MHz

JUTT AT e Q ® ivor
NAV/SYSTEM DATA 50 Hz

@ Modulo 2 Sum

P-CODE 10.23 MHz

|10 1
L2 CARRIER 1227.6 MHz i N
GPS SATELLITE SIGNALS

P H DANA 495

Image courtesy: Peter Dana, http: ./ /www.colorado.Edu/ gcography/gcramct/ notes/ gps/ gps_{:.htm| 16
A. Ganse, U. Washington httP: //staff.washington.edu/aganse/



Modernized Signal Evolution
L5 12 L1
C/A
PCY) . PCY) .
Present Si gnals A=

New civil code —

Signals After PMM % PY)M "y
et Y WS
\ N A

1176 Mr\z 1227 MHz 1575 MHz

Third civil Frcquencg New militarg code

DGPS overview, www.eclu—observatorg.org/ gPs/ f)ostonSection.PPt ! Dierendonck



Why Modernize?
National policy - GPS is a vital dual-use system
pOICY Y

For civil users, Nnew signals/ Freclucncics Provicle:

More robustness against interference, comPcnsation
for ionosl:)heric clelags and wide/ tri~|aning

For militarg users, new signals Proviclc:

Enhanced abi ity to clenki hostile GPS use, greater
bi

militarg anti-fam capa itg and greater securitg

For both civil/ militarg, system imProvements In accuracy,
rcliabilitg, integrity, and availabilitg

DGPS overview, www.eclu—observatorg.org/ gps/ BostonSection.ppt, Dierendonck



generation of code - satellite and receiver
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Reception of code in receiver

The time of the reception of the code is found by lining
up the known and received signals
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MYs GPS Signals (Code) v
» Coarse/Acquisition (C/A) codes enable:

- Simultaneous measurements from many

satellites (CODMA)

- Accurate absolute range
(10-100m) using signal
propagation delay

1001110001 10011010011 1000111000101 1110001 1001103001 21000111000

LU UL LU L

A Short Repeating PRN Code Sample

* Each satellite has a unique C/A code

- One of a repeating sequence 1023 chips long
- Rate of 1.023MHz (period of 1ms)

- Appear random (pseudo random - PRN), but one
of the deterministic "Gold Codes”




L o
S GPS Code Signal Acquisition —®

* Receiver replicates the C/A code to correlate with
the measured signal

* What is correlation? | ¢T
- Mathematics: II]z'j(‘c) = ?J.O [Cj (ff—‘f)] dt

+ Receiver slides code r'(r) until strong correlation
found with transmitted signal
- With N "chips” in the signal period
= Correlation = (# Agree - # Differ)/N

+ Comparison with wrong code will produce
very low agreement for all

- Right code, wrong t also produces low agreement



Auto-correlation function

0.8

0.6

0.4

0.2

-0.2

~0.4

Full Correlation (Code-Phase Lock) of Receiver and Satellite PRN Codes

= Correlation Visualization
| | | | |
~15 -10 -5 0 5 10 15
Time delay (chips)



Dy v
ST GPS Signal Processing v

» Correlation:

- Allows receiver to pick up the very weak signal

- Il us to determine the time offset of

the incoming signal ;
~% 4

Transit time
,4 >

=> Transit Time

+ Transit time will be off

by the user clock error, |
but we can solve for & |

remove that term -




’o ¥ G,

hﬂ:P:/ ' /www.unav-micro.com/about _gps]'ltm

Measuring Distance

Sa,_ Distance = Time Delay * Speed of Light
“Uige

25



* L

LA

Shts  6Ps Signal Acquisition Process ¥

* Determine which satellites are visible
- Approximate time/position, GPS almanac & skyplot

* Determine approximate Doppler for each satellite

- Reduces time-to-first-fix since defines frequency search
space (estimate of receiver clock drift required)

* Must search both frequency and C/A code phase

- Large velocity of GPS satellites, so the received signals can
have a large Doppler shift (+/- 5 KHz) that can vary rapidly
- Accurate frequency knowledge required to “strip of f* the
carrier part of the signal
* Estimate frequency range to search using Doppler shift
* Search frequency range using ~20 freguency bins of 500 Hz



if receiver aPPIies ditferent PRN code to SV signal
...no correlation

1011110001100 X 1® DA XVOXODAAIO000011180001100110100111000111000

No Correlation with a Different PRN Code

Ma’ctioli-h’ttp:/ / comP.uarlc‘cclu/ ~mattioli/ gcol_‘fﬁ}.html and Dana



when receiver uses same code as SV and codes begin to
align

...50me signal POWCI" ClCtCCth

10000100 AT 00000C L0 0 0 000000 0nA 0oL 000 000110111010

Partial Correlation of Identical Receiver and Satellite PRN Codes

Mattioli-h’d:l:):/ / comP.uarlc‘cclu/ ~mattioli/ gcol_‘fﬁ}.}ﬂ:ml and Dana



when receiver and SV codes aclzirgn complctclg
Al signal power detecte

10000100 111100011011101010000100101100 000110111010

Full Correlation (Code-Phase Lock) of Receiver and Satellite PRIN Codes

usua“g a late version of code is comParccl with earlg
version
to insure that correlation Pcak is tracked

Mattioli-h’ttp:/ / comP.uarlc‘cclu/ ~mattioli/ gcol_‘fﬁ}.html and Dana



PRN Cross-correlation

Correlation of receiver gcnerated PRN code (A) with
iIncoming data stream consisting of multiplc (e.g. four,

A’ B’ C’ and D) COdCS A correlate A+B+C+D
1 T T
0.8F
S oe
D
o)
% 0.4+
.E
5 02F
nm A AR
000 500 0 500 1000
lags

Mat’cio|i—}1ttpz/ / comP.uark.cdu/ ~mattioli/; gco|_+7§§‘html



Construction of L1 signal
Carrier — blue

C/A code sequence — rccl, 1 bit lasts ~1 usec, sequence
of 1000 bits repeats every 1 ms

Navigation data — green, one bit lasts 20 ms (20 C/A
scquenccs)

Cade
CY
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IR

f e p— e — e

nthV‘;"‘N‘A"‘u"‘u"‘u"‘n’.‘u‘.‘n"‘ﬁu’
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0

1 2

Rinder and Bertelsen, kom.aau.dk/ ”n'nder/AAu_soFtwarc_rcceiver.Pclf

20 ' 40



Construction of L1 signal

BPSK modulation
(Carrier) x (C/A code) x (navigation mcssagc) x
L1 signal

A
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sg‘d .n 1”‘" :Yl. ”. |'l". | '....' | | |
s.’” |ll‘|lxixl||‘|ll |.|I|'l||'||||lll'

Time (ms)
Rinder and Bertelsen, kom.aau.dk/ ”n'nder/AAu_soFtwarc_rcceiver.Pclf



Digi’cal Modulation Methods

Amplitucle Modulation (AM) also known as amplitucle-
shift keuing. This method recluires changingtlnc
amPIitu e of the carrier Phase between O and 1to

encode the cligital signal.

Ma’ctioli-h’ctp: // comP.uarlc‘eclu/ ~mattioli/ gco|_+75§.html and Dana



Digi’cal Modulation Methods

l:recluencg Modulation (FM) also known as {:recluenc3~
shift keging. Must alter the Frec]uencg of the carrier to
corresponcl to O orl.

Ma’ctioli-h’ctp: // comP.uarlc‘eclu/ ~mattioli/ gco|_+75§.html and Dana



Digi’cal Modulation Methods

Phase Modulation (PM) also known as Phase~shhct
kcging. At each Phasc shift, the bitis ﬁiPPccl fromoOtoi

or vice versa. This is the method used in GPS.

Ma’ctioli-h’ctp: // comP.uarlc‘eclu/ ~mattioli/ gco|_+75§.html and Dana



Modulation Schematics




Ncarlg NO Cross~Corr clation.

C/A cocles nearlg uncorrelated with one another.

1022

R, (n)= Eci(l) c“(I+n)=0,Vn

[=0

Nearlg no auto~corre|a’cion, excePt for zero lag

C/A codes nearlg uncorrelated with themselves, exccPt
for zero Iag.

1022
R, (n)= Eck(l) c“(I+n)=0, V|n|=0
[=0

Rinder and Bertelsen, kom.aau.dk/ 'rinder/AAu_soFtwarc_receiver.Pdf



Gold Code correlation ProPcrties

Auto-correlation with Cross-correlation with
itself (narrow Pea|<, another code
1023)
Il Zero evergwh re | ' Zero evergwh re |
800 \except at zer : 800
| offset _ sonl
ot Yl kel iR - ot WM bt it

400 800 ) 200 800
(a) )

(o)

Rinder and Bertelsen, kom.aau.dk/ ”rinder/AAu_soFtwarc_receiver.Pclf



Signal accluisition
Is a search Proccclurc over correlation 133 Frcclucncy and

code Phasc shi

SVN 17

¢ 10

400

Frequency (faHz| Code Phage [chipe)

kom.aau. dk/ ”rinclcr/AAU_soFtwarc_receiver.PcH: Rinder and Bertelsen, kom.aau.dk/ "rinclcr/AAU_so{;twarc_rcccivcr.Pdf



Search resultin grid of correlations for maximum, if
above some threshold signal has been detected at some

{:recluencg and Phasc shift.

SVN 17

¢ 10

400

Frequancy (faHz| Code Phase [chips)

kom.aau.dk/~ rinclcr//S\AU_smctwarc_recc-:ivcr.l:)clmc Rinder and Bertelsen, kom.aau.dk/~rinder/AAU_software_receiver. PCH:



Search rcsulting gricl of correlations for maximum, it it is

small evergwhere, below thresholcl, no signal has been
detected.

SVN7Y

3 RES 2

S royurc WH - - A
ey (MHG Code Phase (chps)

Rinder and Bertelsen, kom.aau.dk/ ”rinder/AAu_soFtwarc_receiver.Pclf



This method,
while correct and useful for illustration,

is too slow for Practical use



Recoverin J24 the si gnal

What do we get if we multiplg the L1 signal bg a PchectIg

aligncd C/A code?
Incoming signal r
(a)
Local PRN code 1‘
-
-1
(b)
Reasult of
(€)
A sine wave! ) 5

Rinder and Bertelsen, kom.aau.dk/ ”rinder/AAU_soFtware_recciver.PcH:



Recoveri ng the signal

Fourier analgsis of this indicates the presence o the
signal and identifies the Frccluc

=
=

.................................................

)
o

o
o

£
o

(3]
o

Magnitude [dB|
Magnitude [dB]

D
o

0 ; ; : : ; 0 ; ; : ; ;
0 1 2 3 4 5 6 0 1 3 4 5 6
Frequency [MHz] requency [MHz]
(a) (b)

No signal

erand Bertelscn, kom.aau.dk/~rinder/. AAU_soFtwarc_rcceiver.Pdmc



Additional information included in GPS signal
Navigation Message

In order to solve the user Position ec]uations, one must
know where the SV is.

The navigation and time code Provicles this

50 Hz signal modulated on L1and 1.2

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Navigation Message

The SV’s own Position information is transmitted in a
1500~bit data frame

Pseuclo~KcP|crian orbital elements, fit to 2-hour
spans

Determined ]:)9 control center via grouncl traclcing

Receiver implemcnts orbit~to~l:>osition algorithm

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Navigation Message

Also includes clock data and satellite status

And ionospheric/ troPosPhcric corrections

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Additional information on GPS signal
The Almanac

In addition to its own nav clata, each SV also broadcasts
info about ALL the other SV’s

Ina reclucecLaccuracy {:ormat

Known as the Almanac

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



The Almanac

Permits receiver to Predict, from a cold start, “where to
look? for SV’s when Powerecl up

GPS orbits are so Preclictable, an almanac may be valid
for months

Almanac data is Iarge

12.5 minutes to transfer in cntiretg

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Selective Availabilitg (SA)

To clcng high-accuracg realtime Positioning to Potcntial
enemies, DoD reserves the right to deliberatelg clcgraclc
GPS PerFormance

Onlg on the C/A code

Bg far the Iargest GPS error source

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Selective Availabilitg (SA)
Accomplishecl ]:)9:

) “Dithcring’ the clock data

RCSUltS IN erroneous Pscuclorangcs

2) Truncating the navigation message data

Erroneous SV Positions used to comPute Position

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Selective Availabilitg (SA)

Degraclcs SPS solution ]:)3 a factor of 4 or more
Long-term avcraging onlg effective SA comPcnsator
FAA and Coast Guard Pressurccl DoD to eliminate

ONTMAY 2000: SA WAS DISABLED BY
PRESIDENTAL DIRECTIVE

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



How Accurate Is It7?

Looselg Defined “2~Sigma” RePeatable Accuracies:

A" dCPCnCl on receiver clualltg

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



How Accurate Is It7?

SPS (C/A Code Only)

5/ A On:
Horizontal: 100 meters radial
Vertical: 156 meters
Time: 340 nanoseconds

s/A Off:
Horizontal: 22 meters radial
Vertical: 28 meters
Time: 200 nanoseconds

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Instantaneous Error (meters)

SA Transition -- 2 May 2000

Colorado Springs, Colorado

2 May 2000

— Honzontal Error (meters)

Vertical Error (meters)

SPS CEP AFTER TRANSITION: 28 meters |
SPS SEP AFTER TRANSITION: 4.6 meters [

w P o it e INT )
LATERS T L AT

-100 +
120 §

140 £
160 £

180 +

200 £

From J. HOW, MIT

1 2 3 A

5

6 7 8 2

Time of Day (Hours UTC)

10




Position averages

420
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80 | 60 {40"
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ey
|
S/A on 8 hours S/A off

Note scale difference




How Accurate Is It7?

PPS (P-Code)

Slightlg better than C/A Code w/o S/A (?)

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Differential GPS

A reference station at a known location compares

Preclictecl Pseucloranges to actual & broadcasts
corrections: “Local Area” DGPS

BI“OBCICESt usua"y dOﬂC on M channcl

Corrections onlg valid within a finite range of base

User receiver must see same SV’s as reference

USCG has a number of DGPS stations oPerating
(CORS network)

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Differential GPS

Base stations worldwide collect
seudorange and SV ephemeris
c!:;ta and “sglveqcor” time and nav
errors

“Wide Area” DGPS -- WAAS
Not 361: globa"g available

DGPS can reduce errors to <10
meters

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Carrier Phase Tracking

Used in high~|:>recision survey work
Can generate sub~centimeter accuracy

The ~20 cm carrier is tracked b? a reference receiver and
a remote (user) receiver

The carrier is not subjec‘t to S/A and is a much more
Precise measurement ’than Pseucloranges.

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Carrier Phase Tracking

Requires bookeel:)in of c?cles: subject to “sliPs”
(loss of “ock? ]:)9 the phase ocked looP tracking each
satellite)

lonospheric clclay ditferences must be small enough
to Prevent full sliPs

chuires remote receiver be within ”§O|<m of base
(for single Frecluencg, short occuPations)

Usua“g used in Post-Processecl mode, but Real Time
Kinematic (RTK) method is develol:)ing

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Receivers

Basic 12 channel receivers start at $100
Usua"g includes track & wagPoint cntrg
with built-in maps start at $150

Combination GPS receiver/cell Phone ~$350

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



Receivers

Surveg-clualitg: $1000 and up
Carrier tracking
FM receiver for ditferential corrections

RS2%2 Port to PC for realtime or Post—-Processi ng

A. Ganse, (. Washington 4 httP:/ / sta{:F.washingbon.eclu/aganse/



FPoint Positioning with Psueclorange from code



1

GPS posttion, navigaion &
time determinzation rdies
on the measurement of the
times of arrival of sstellite
signals

Theuser's 30 geographic
coordinaes and preciss
time are calculated from 4
or more sstellites "in view

How GPS Works

2

Each sadlite sends
tslocaion &the

precisetime of its
transmission

3

Theuser's GPS

equip ment receivesthe
signal from each sadlite
andrecordsitslocaion
andthe arrivd time of its
signal

Theuser's GPS equipment
computes the user's
position from the
differences of the signd
=rrival times and the
locations of the s=tellites




ke

SIS Code Point Positioning

+ Write pseudorange as a function of

- Spacecraft position Xk, .
- Receiver position (ECEF) X,,....
- Clock errors of spacecraft and receiver

T =[V’(xu —x* Y +(y, =) +(z, -2") +b —Bk]+ v

- Measure pseudorange from >z 4 satellites and
you can solve for x,, y,. z,. b,

T: = fk (xu ".Vu > :u ’ bl.) + ‘/5




Position E:cluations

Pmaf(X =X 4+ (Y =Y +(Z=Z) +b

P, =X —X,)* + @ 2y 21272 Uz Ha

Po=A(X - X +(Y ~ V) +(Z -2, +b
Where: P =X X, +(Y Y, +(Z-Z,) +b

P.= Measured PseucloRange to the ith SV
X., Y., Z= Position of the ith SV, Cartesian Coordinates

X,Y,Z=User Position, Cartesian Coordinates, to be
solved-for

b = User clock bias (in distance units), to be solved-for

The above nonlinear equations are solved iterativclg
using an initial estimate of the user Position, XYZ, and b
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SIS Code Point Positioning

+ Write pseudorange as a function of

- Spacecraft position Xk, .
- Receiver position (ECEF) X,,....
- Clock errors of spacecraft and receiver

T =[V’(xu —x* Y +(y, =) +(z, -2") +b —Bk]+ v

- Measure pseudorange from >z 4 satellites and
you can solve for x,, y,. z,. b,

T: = fk (xu ".Vu > :u ’ bl.) + ‘/5




TAYa Linearization

Choose 1nitial state estimate:

— N A . - T
Xo = (J‘uo'."uo*-uO' buO)
Assume that actual state 1s given by
X =X, +0X

Linearize the pseudorange measurement

f(")"“/ *f(‘o)"' f (X—X,)+V,

'?u:n

which can be rewritten as
- f(X,)=06r=G_ X+,

and then solved for &x to find the actual state




T\s' Pseudoranging

+ Solution procedure fairly simple with 4
measurements - can just invert matrix G

+ With more than 4 (normal case), must solve a
least squares problem - "pseudo-inverse”

MT=G&x+V, = &=(G'G)'G'aT

+ One complication is that linearization of G
depends on our current best estimate of x
- Which is (hopefully) improving = iteration might
be required.




station K

T" =" + 1% T° =t +7°
P =((tR +rR)—(tS +‘L'S)) c =(tR —tS) c+(rR —rS) c =pRS(tR,tS)+(rR —rS) c
Pseudo range — measure time, not range.
Calculate range from r=ct

Blewitt, Basics of GPS in “Geodetic APPIications of GPS”



From Pathagoras

(1) (3°0°) = ()] o) o () o e )24

(x>, f,zS) and 1% known from satellite navigation message

xR, y~,z%) and 1% are 4 unknowns

Assume c constant along Path, ignore rclativitg.



Complicating detail, satellite Position has to be
calculated at transmission time.

Sate"ite range can changc 139 up to 60 m during the
aPProximatelg 0.07 sec travel time from satellite to
receiver.

Using receive time can result in 10’s m error in range.

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”



Calculating satellite transmit time

t°(0) = ¢ =(TR —T )

] pSR(tR,tS(O))

t*(1) =t y
tS(z) LKL pSR(tR ’tS(l))

Start w/ receiver time, need receiver clock bias

(once receiver is oPcratin clock bias is |<e|:>t less than
few milliseconds)

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”



() =2 (1)) (v () = (1)) +(24(r) = 22(%)) + (" =)

Note, have to |<eeJ:> track of which suPcrscriPt IS

exPoncnt ancl W
have multi

hich is satellite or receiver (later we will
ble receivers also) identification.

We have 4 unknowns (x%, <25 and ™)
And 4 (nonlinear) equations
(later we will allow more satellites)
So we can solve for the unknowns

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”



GPS geometrg
Ragpaths (aPProximately) straight lines.

Rea“g function of travel time () but can change to
Psueclo~range.

(Xsatl J ysatl J tsatl )

76



Note that GPS location is almost exactl? the same as the
carthquakc location Prob em.

(ina homogencous half space — ragPaths are stra}(ght
lines, again function of travel time but can also look at
distance).

77



| ets look at more general Problem of a |agerecl half
space.
Raypaths are now not limited to straight lines
(mix of refracted and head waves shown).
Now look at travel time, not distance.

(Xsl J ysl ) tsl )

NN

(chJ ch: Zcq: th) 78



This view will hclP us see a number of Problems with

|ocating carthquakes (some of which will also applg to
GPS).

(Xsl J ysl ) tsl )

7

NN

Kegr Yeq Zeqrteg) 7



This development will also work for a radia"g sgmmetric
carth.

(Xsl J ysl J tsl )

teq, /
(Xeq b/ yeq b/ Zeq b/ teq )

Here again we will look at travel times () rather than
distance.



L et y be a vectorin 4-space gving the location of the
earthquake

(3 cartesian coodinates Plus time)

X = (x,y,z,t)

| et X be avectorin §~5Pacc — location of the station

—

X, = (xk’yk9zk)

Discussion follows Lee and Stewart



What clata/ information is available to locate an
earthquake?

Arrival time of seismic waves at a number of known
locations

Tk,observecl (xk ’yk ’Zk) 1 Tk,observed ( k)



Plus we have a model for how seismic waves travel in the
eartl‘l.

This allows us to calculate the travel time to station k
Tlvc,calculatecl (Xk ’X)

(cloes not rea"g clePend on £, but carry it along)

froman earthquakc at (location and time)

X = (x,y,z,t)

So we can do the forward Problem.



From the travel time Plus the origin time, £

(when the earthquake occurred)

we can calculate the arrival time at the kth station

Tk,calculated (Xk ’X) ] ];c,calculated (Xk ’X) +1



We want to estimate the 4 Parameters of X

so we will need 4 data (whicln gives 4 ecluations) as a
minimum

Unless the travel time — distance relationship is linear
(which it is notin gencral)

we cannot (easily) solve these 4 cquations.

So what do we do?



One Possibilitg is to do the forward calculation for a
Iargc number of trial solutions (usua"g on a gricl)

and select the trial solution with the smallest difference
between the Predicted and measured data

This is known as a gricl search (inversion!) and is
cxPcnsivc
(but sometimes it is the onlg wag)



Modifications of this method use ways to cut down on
the number of trial solutions

monte carlo
steel:)est descent
simulated annealing

otncr



Another aPProacl’l
solve iterative|9 139

), Assuming a location
2) Linearizing the travel time ccluations

3) Use least squares to comPute an acljustmcnt to the
location, which we will use to Proclucc a new (better)
location

4) Go back to steP | using location from stcP b,

We do this till some convergence criteria is met

(if we’re |uc|<3)



This is basica"g Newton’s method



Least squares “minimizes” the difference between
observed and modeled/calculated data.

Assume a location (time included)

— ¥

X || (x*,y*,z*,t*)

and consider the difference between the calculated and
measured values



| east squares minimizes the difference between
observecl and moclelecl/ calculated data.

for one station we have

\ noise

CI+V

obser\/ed Tl calculate

Tobservecl I I(X’X) TV

\

Did not write calculated here because | can’t calculate
this without knowing X-



First — linearize the exl:)ression for the arrival time T(X,x)

AKX = Toeed (Ko7 ) + (5 x*)% *

+(y-y*)3—;

e-cE]

ES

1] il aT 815 a"l,' (91’
AKX Z) = Tt (X )+ A4 S Ay + 2 Azt~ A
( X) calculated ( X ) ax ay y aZ at

Now can Pu‘c calculated here because can calculate this
using the known (assumed) x* but don’t know these.



Now consider the difference between the observed and
linearized T — the residual Ar.

AT 77 T bserved ] I

o) calculatecl

At=r(f(,5(*)+v—r

calculated

LiJLa ] ofT 0T 0T 0T
At=|T_ | d(X,)()+—A)€+—Ay+—Az+—At +V
calculate ax ay aZ at

1 Tcalculatecl (X’X )

0 0 0 0
At=—TAx+—rAy+—TAz+—TAt+v
0x Jy 0z ot



We have the Fo"owing for one station

0T 0T 0T
AT = —Ax+—Ay+—Az+—At+v
0x Jy 0z ot

Which we can recast in matrix form

(ar 0T T ar) Ay
At = +V

dx dy dz Ot




For m stations (where m=>4)

!

)

(9T, 91, 01, OT
ox 0y 0z ot
( AT \
1 dT5/ /|| 0T, ||| dT, ||| 0T}
AT | | ax 9y a9z o
AT, |=|0dt, dt; JT, OT,
: ox  dy 0z ot
\ATm/ . . . .
dr, dtr, dt, 0T,
/ \ dx dy 0z ot
Jacobian Which is usua"g written as
matrix b= Ax+v




Evaluating the time term

[0y, 9y dm
b=Ax+v ox ||| ay||11\dz
// 1 0T 0T JaT
AT = AOX + v = ||t et
ox 0y 07
A=|dtr, OJt; 0T, i
ox dy 0z
Jr, dtT, 0T, .

\ 0x  dy 07




b=Ax+’V A%=A(S5C>+V

Expresses linear relationshil:) between residual
observations, At, and unknown corrections, éx.

Plus unknown noise terms.

Linearized observation ccluations

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”



Next use least squares to minimize the sum of the squares
of the residuals for all the stations.

AT = AOX +V
F(i)- X[an ()]

Previous linear least squares discussion gives us
T A = T 1
A ' AT =A Aox

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”



Design matrix — A

Coefficients

Partial derivatives of each observation
With resPect to each parameter
Evaluated at Provisional >arameter values

Ahas 4 columns (for the 4 Paramctcrs)
an
As many rows as satellites (need at least 4)

Can calculate derivatives from the model for the
observations

Blewitt, Basics of GPS in “Geodetic APPhcations of GPS”



This is called Geigcr’s method

Published 1910

Not used till 1960!
(when gcophgsicists first got hold of a comPutcr)



So far
Have not sPeci{:iccl type of arrival.
Can dowith P onlg, S onlg (?D,Pand S together, or S-P.

Need velocitg model to calculate travel times and travel
time derivatives
(so earthcluakes are located with resPect to the assumed
velocitg moclel, not real earth.
Errors are “formal”, i.e. with respect to model.)

VCIOCitg modcls usua"g Iatcrang homogcncous.



Problems: CE
] ax dy 9

Column of 1’s — if one of the other e, or, o, 1
columns is constant (or a DProximatelg LULEEL|| SN

;. ’, 1 3 3 31

constant) matrix is snngular and can’t ox dy oz

be inverted. R 1
CXSI ) sl ,t]) 0x Gy 0z

TN /

(chlJ yccl ) zccl D) tccl ) 102



How can this haPPen:

~A“ FI'I"St arrivals arc head waves FI"OITI

same remcractor

~ F_:arthcluake outside the network

stu letl)

Jar, 01, 0T

ox  dy 0z

ot, 0T, 0T,

ox  dy 0z
A=|dtr; dt; 0T,
ox  Jy 0z

Jor, 0t, 0T,

ox  dy 0z

TN

(XCC|J HCCI bJ ZCCI )

Al
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