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When two sound waves of ditferent freq

your ear, the altcrnating constructive and

uenjg aPPrOBCh

estructive

interFerence causes the sound to be a

and IOUd

tcmativelg soft

-a Phcnomenon which is called "beating" or Proclucing

beats.

~The beat Frecluencg IS cclual to the absolute value of the
difference in Frecluencg of the two waves.

345 m/'s
C Constructive interference

D Destructive interference

lg:;tft: {1 { I;?Pcrphgsicsphg—astr. gsu.eclu /hbase/sound/




Beat I:recluencies in Sound

Thc sound of a beat Frec]uencg or beat wave Is a
Huctuatin% volume caused whcn you add two sound
waves o slightlg ditferent {:rec]uencies together.

if the {:rec]uencies of the sound waves are close enou[%h
togethcr, you can hear a relatively slow variation in the
volume of the sound.

A good examplc of this can be heard using two tuning
orks that are a few Hz aPart (orin a twin engine
airPIanc or boat when the engjnes are not s nc%;ecl" =
you hear a “wa-wa-wa-wa-. .. noise?

http: // www.schoo|~{:or~chamPions.com /science/ sound_beat. htm



Beats are caused bg the interference of two waves at the
same Point in space.

cos(2rgf1) + cos(27@f2) = 2Acos(2n: Ji ;fz)cos(Zn J "2‘fz)

fbeat I7 ‘fl _fz‘

Beat -~ F‘recluencg
of minimia, which
haPPens twice per
cgcle.

http: //| hgpcrphgsics.Phg—astr. gsu.eclu/ hbase/sound/beat.html



Note the Frcquencies are
half the difference and

the average of the original Frcclucncics.
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What if we look at it in the ':reclucncy domain —
Adding in TD and FD is linear-.

50 we get same two sPikes we would have gotten if we
had looked at each seParatelg.

cos(2rg”l) +cos(2r@f2) % ZACOS(anl ;fz)cos(anl "2'fz)
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What if we take the product (multiplg, or mix) — I.e. start
on the RHS of the last analgsis.

(gct sum and difference of comPonents, not halmc)

cos(27f)* cos(27f,) = Acos(27(f, —fz))2+cos(2n(f1 +1,))
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In terms of our GPS signals we get

(we are now mixing — multiplging, not aclding.

G= GPS signal, R= Reference signal.)

R(1)® G(t) = G, sin(271,, (1)) x R, sin(27¢, (7))

G R,
2

R(t)®G(1)

(cos(2n(¢R (7) - ¢G(t)))cos(2”(¢1? (1) + ¢G(t))))

Note this is in terms of Phasc, o), not Frcc]ucncg

11 In
(Musua presen

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”
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Blewitt, Basics of GPS in “Geodetic APPlications of GPs”

“Filter” to remove lﬂigh Frec]uencg part

(¢4 (1) + (1))
leaving beat gigrLaI
B(r) = 2% cos(2(9, (1) - 9 1)
B(1) = 22 cos(279, (1))



it you differentiate ¢
you find the

]:Jeat Frcc! uency

the difference between the two Frec]uencics

(actua |9 one wants to take the absolute value)

— dS WE Founcl IDC{:OI"C

dg,(1) dep(r) de,(1)
dt dt dt

fB =fR _fG

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



if the receiver copy of the signal has the same code
applied as the satellite signal ~

This discussion continues to hold (the-I's cancel)

(one mi ht also worTy about the DOPP er shift effect on
the codes, but this effect is second order)

If the receiver copy of the 5igna| does not have the code

aPPIied (e.g. —wedon’'t know the P coclc)

then this discussion will not work (at least not simplg)

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



There are essentia"g two means 139 which the carrier
wave can be recovered from the incoming modulated
signal:

Reconstruct the carrier wave 133 removin% the ranging
code and broadcast message modulations.

Squaring, or otherwise rocessinl:q' the received signal
without using a know cclgc of the ranging codes.

http:/ /www.gtnat.unsw.edu.au/snap/ gps/ gps_surveg/ chap}/}l}.htm



To reconstruct the signal, the ranging codes (C/A and/
or P code)

must be known.

The extraction of the Navigation Message can then be
easilg Perf:ormecl bg reversing the process by which the
bi-l:)hase shift l«-:g modulation was carried out in the
satellite.

http:/ /www.gtnat.unsw.edu.au/snap/ gps/ gps_surveg/ chap}/}l}.htm



In the squaring method no knowledge of the ranging
codes is requirecl.

The scluaring removes the effects of thc -1's
(but halves the wavelength and makes the signal noisier)
More complcx signal Processing IS requirccl to make

carrier Phase measurements on the 1.2 signal under
conditions of Anti~5Poo{:ing (don’ t know P-code).

http:/ /www.gtnat.unsw.edu.au/snap/ gps/ gps_surveg/ chap}/}l}.htm



As mentioned earlier:
can arbitrarilg add NCn) to Phasc

and get same beat signal

This is because we have no direct measure of the
“total” (beat) Phasc

(I)+N=¢R _¢G

(argument is 2¢, s0 No 2 here)

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



(D+N=¢R _¢G

GPS receiver records @
total number of (l:)cat) cgclcs since lock on satellite

N is fixed (as long as lock on satellite is maintained)

N is called the “ambiguitg" (or “integer ambiguitg")
ltis an integer (theoretica"g)

if loose lock — cgclc sliP, have to estimate new N.

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Making a few reasonable assumPtions we can interPret N
gcomctrica"g to be the number of carrier wavclcngths
between the receiver (when it makes the first
observation) and the satellite (whcn it transmitted the

signal)

Phase measurements

= When a satellite 15 locked St
(at r,). the GPS receiver
starts tracking the
mcoming phase e

» Tt counts the (real) number d s e
of phases as a function of S(to) gt )
tume = Ag (1) & i

= But the initial number of N\ y
phases N at r_1s NN g
unknown. . A 4

\ /
» However, if no loss of \ f
lock. NV 1s constant over an '

orbat arc Earth

Blewitt, Basics of GPS in “Geodetic APPlications of GPS” From E. Calais



How to use (beat) Phase to measure distance?

Phase -> clock time -> distance



Phase to velocitg and Position

Consider a fixed transmitter and a fixed
receiver

Receiver sees constant rate of change of
Phase (Fixccl {:reclucncg) cclual to that of

the transmitter

O(t) = gyt +(N)

lntegrated Phase INcreases Iinearlg with

ime r
ht‘tp: // WWW.Npwrc.usgs. gov/ perm /cranemov/location.htm

http: // electron?.Phys.utlc.eclu/ Physl}jcl/ modules/mio/ dopplcr. htm




Next consider a transmitter moving on a line through a
fixed receiver

Receiver again sees a constant rate of change of phase
(Frequencg) — butitis no longcr cqual to that ot the
transmitter

(1) = ¢t +(N)

See lower g 1 See higher
Frcclucncg when | . n r Freclucncg when
XTR moving J K XTR moving

away N towards

http: // electronQ.Phgs.utk.eclu /| Physl}ﬁd /modules/mio/ doPP|er. htm



The change in the rate of Phase change (fixed change In
Frcquencg} observed at receiver, with respect to
stationary transmitter, is Proportional to velocitg of

moving transmitter.
I J
f(x’t) = fo _70"

cis sPced of
waves in medium,
VIS velocitg of
transmitter

(this is classical,
not relativistic)

http: // electronQ.Phgs.utk.eclu /| Physl}ﬁd /modules/mio/ doPP|er. htm



it you ‘(new tl‘nc Frec]uencg transmitted bg tlﬂc moving
transmitter.

You can use the
beat Frccluencg
Procluc:ecl bg combining the received signal with a

receiver generatecl signal that is at the transmitted
rrequency

to determine the sPcecl.

http: // electronQ.Phgs.utk.eclu /| Physl}ﬁd /modules/mio/ doPP|er. htm



But we can do more.
We can

count the (beat) cucles
or measure the (beat Phase

of the beat signa| as a function of time.

This will give us the change in distance.
(as will velocitg times time)

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



So we can write

Beat Phasc = changc in distance to transmitter +
constant

Beat Phase (att=tg, _y) = distance to transmitter +
constant

Note the arbitrary constant —
can redo measurements F?om another Position
(along trajectorg of moving transmitter)
and get same result
(initial Phasc measurement will be different, but that will
not change the {:recluencg or distance estimation)

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Next — move the receiver off the path of the transmitter
(and can also let the transmitter Path be arbitrary, NOW
have to deal with vectors.)

,’ u(t)

#
#
£

Platform v(t)

wvwv.ws.binghambon.cclu/mcowlerﬁcowlcr Pcrsona| page/ EE522_files/CRLB for Dopp_Loc Notes.PcH:
http:/ Jwww.cls.fr/] html/argos/ general/ doppler _gPs_en.htm|



Can solve this for

| ocation of stationarg transmitter from a moving receiver
(it you know x and v of receiver — how SARSAT, ELT,
EPIRB’ s [Emergencg Position lnciicating Radio
Beacon's ] WOk toruwsedtouork - nowalso ransmitlocation from Grs1)

| ocation of moving transmitter
(solve for x and v of transmitter)
from a stationary receiver
(if you know x og receiver)

(Dopplcr shift, change infre uency, more useful for
cstimating vclocitg than Position.
Integrate DoPPICr Phase to get Position.)
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Appl this to GPS
So %ar we have

Satellite carrier signal
Mixed with copy N receiver
After “low pass filter” = left with beat signal

Phase of beat signal ccluals reference Phasc minus
received Phasc Plus unknown integer number full cgcles

From here on we will follow convention and call
~ Carrier @ Phase ~
-Carrier Phasc —
(remember it is NOT the Phase of the iIncoming signal)

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Consider the observation of satellite S

We can write the observed carrier (beat) Phasc as

/

Receiver replica of
signal

I ncoming signal received from satellite S

Receiver clock time

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Now assume that the Phase from the satellite received at
time T is eclual to what it was when it was transmitted
from the satellite

(we wi" evcntua”g neecl to be able to model the travel
time)

S S S .5 _S S
¢ (x’y’Z’T) ¢transmit ('x Y 5% ’];ransmit)

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



O (T) = §(T) = Dianomie (Trmomis ) = N

Use from before for receiver time T(t) =

¢ (T) = fol + @,
¢tiansm1t ( l‘i’ansmll‘) f;) transmlt + ¢g

So thC carrier PI"IaSC OIDSCI"VBIDIC lDCCOITICS

(I)S(T) Ti fOT + ¢O fO transmit ¢g i1
(I)S(T) T fO(T Zfansmlt) + ¢O 1 ¢g 1] NS

tt, Basics of GPS in “Geodetic APPlications of GPs”



(I)S(T) T, fO(T il 71tfansmit) + ¢O 11 ¢(§ _NS

Terms with S are for each satellite
All other terms are eclual for all observed satellites

(receiver ¢, should be same for all satellites— no
interchannel bias, and receiver should sample all
satellites at same time — or intcrpolate measurements to
same time)

75 and NS will be different for each satellite
| ast three terms cannot be seParatecl (ancl wi“ not be an
integer) — call them “carrier Phasc bias”

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Now we wi” convert carrier hase to range
i ot

(and let the suPcrscriPt S-> satellite number,j,
to handle more than one satellite, and

add a subscript for multiple receivers, A,
to handle more than one receiver.)

¢1]4 (TA) T f(.) (TA,received I'l Tj’tmnsmited) + <¢0 )A 1 (¢O )j 1) Ni

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



We will also clroP the “received” and “transmitted”
reminders.

Times with suPerscriPts will be for the transmission time
]:)3 the satellite.

Times with subscripts will be for the rccePtion time bg the
receiver.

(I)A(TA)=fO( TA_Tj)+¢0A _¢({_Nf<

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Iif we are using multiple receivers, theg should all sample
at

exadgg the same time
(same value for receiver clock time).

VBIUCS O{: ClOCl( times O{: samplc 3 1 CPOCI"I.

With multiple receivers the clocks are not Pchectlg
sgnchronizecl, so the true measurement times will vary

sligh’cly.

Also note — each receiver-satellite Pair has its own
carrier Phasc ambiguitg.

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Aside
Sgnchronizing clocks brings up

Relativitg




GPS

¥ \H/.. 24 satellites in 6 orbital Planes.

,..»f%’?*N;«w Carry hi gh | y stable atomic
(R 4 ) clocks to generate GPS signals
K/ AN\ X 1
[ (GPSrea y measures time, not
-:," " distance)
" ’ - U

Measure distance (rca”g time
of ﬂight, and use speed of
|ight to get distance) to each
satellite in view and use
trilateration (not
triangulation) to determine

POSiﬁOn. Three spheres




GPS and Relativitg

Measurement of time in 3
different Plac:es (4+ satellites |
and receiver) brings up 0,
question of simultaneitg. )\
This brings in sPcciaI rclativitg. A\ \
Variation of gravitg between . ARG
surface of earth and orbits A | _ o
brings in general relativity. IR



SPecial and General Theories of Rela’civitg
= SPecial relativitg

Published

190
kmematlcs mcchanlcs ané]7 Fcctromagnetlsm

- General relativ:tg

Published 1915
gravntatl
(incluc es specia relativitg)

Relativistl e{:l:ects musiLbe consider: d when 1) mcasurlng
time wﬂ: moving clocks ancl ) in t 5|:>roPagz:1tlon of
ectromagnetlc slgnal

After: Robert A. Nelson, Satellite Engineering Research Corporation, Bethesda, MD



Relativistic Effects
Three (this number varies with author) effects

/4 Velocitg (time dilation)
Moving (sate lite) clock runs slow
Function of speed onlg

CLOCK A

- Gravitational Potcntial (red shift) [
clock in lower G (satellite) runs faster 3
Function of altitude onlg coue o 7)

/

- Sagnac eHect (can be classical or relativistic ;/f//;'~ \ I,{/u\\
), f \ s 1) A\
I ntcherometrc? (synch rotatlnisystcm omc clocL’sb
DcPencls on direction and Pat traveled

After: Robert A. Nelson, Satellite Engineering Research Corporation, Bethesda, MD, and N. Ashby U. Colorado



- Gravitational redshift (blyeshift)
Or itapjtitucfe 20,18§LLm
Clock runs fast 139 45.7 us per clag

~ Tirre dilation
SEﬁ:CHite velocity 3.874 km/s
Clock runs slow g /.1us per clay

Net 5eg:u|ar eHect (sate"ite clock runs {:ast)
Clock runs rast by 8.6 us per day

- esicli,lal Perioclic effect
Orbita f:ocentricit 0.02
AmPIitu eo Perioclice ect 46 ns

~ Sagnac effect
Maximum value %% ns for a stationarg receiver on the
earth

After: Robert A. Nelson, Satellite Engineering Research Corporation, Bethesda, MD, and N. Ashby U. Colorado



Net secular relativistic e

[ect is 38.6 us per c:lag

- Nominal clock rate is 10.23 MHz
Satellite clocks are offset ]39 — 4464755 Parts
in 10'° to comPcnsate eHfect

4 Resulting (Prol:)er) {:recluencg in orbit is
10229999.9954526 Hz

- Observed (on cartl*l) average rate of satellite
clock is same as clock on earth.

After: Robert A. Nelson, Satellite Engineering Research Corporation, Bethesda, MD, and N. Ashby U. Colorado



- Residual Perioclic effect
Maximum amplitudc 46 ns
Correction appliecl in receiver

~ Sagnac effect

Maximum value %% ns
Correction applicd In receiver

After: Robert A. Nelson, Satellite Engjneering Research Corporation, Bethesda, MD, and N. Ashby U. Colorado



Return to carrier Phase Proccssing



carrier Phase to range
Multiplg Phase (in cgcles, not radians) bg wavclengl:h to
get “distance”

) = A,@4(T,)
L(T) = [ £o(T, - T7) + ¢, - ¢ - N
) =¢ (T, =)+ 2afg0, =93 =N}
L(T,)=c (T, -T')+B]
L/ (1,) is in units of meters

Bjis “carrier Phase bias” (in meters)
(is not an integer)

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Li(T,) =c (T, -T')+B]

\

a distance

This ecluation looks exactlg like the ec]uation for

Pscuclo-rangc

&
P, = pf;(tR,tS)-r-(rR —‘L’S) C

= py(teit’)+cot

That we saw before

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



seudo-range constant
P

)

Li(T,)=c (T, -T')+B]

This ecluation also holds for both

l1and L2

Clock biases same for L1 and L2, but amb;i ity values
different (different wavclengths?i

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Now that we have things exPressecl as “distance” (range)

Fo"ow Pseuclo range dcvclopmcnt

Li(T,)=c (T, -T)+B]

L(T,) = p] (tyt7)+ ety —ct/ + 2] ~ 1] + B]
Added a few thi ngs related to Propagation of waves

Delag In signal due to

TroPosPhere -7 f{.
lonosPher - -

(ionosphcric term has “-” since Phase velocitg
Blewitt, Basics of GPS in “Geodetic APPlications of GPs” il’lCI"CBSCS)



Can include these effects iT Pseudo range development
also

P{(T)=c (T, -T')

PI(T,) = p] (ty.t!)+ct, —ct/ +Z] + ]
Delag In signal due to

TroPosPhere + 7 j'.
lonosl:)here + -1

(ionospheric term now has “+” since group velocity to
P goup 1
first order is same magnitude but opposite sign as phase
velocitg)

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Another aside

ht‘tp: // webphgsics.Ph.msstatc.edu /jc/ librarg /15-11/
index.html

Set up to see Phase vel and group vel oPPosite sign
(Packagc goes one way, waves inside g0 other)

A =24 and 22 v=95 and b, resPectivclg

htl:P: //www. geneseo.ecl u/~freeman/animations/
Phase_versus _grouP_velocitg.htm



One ’ching to |<ee|:> in mind about the
Phase velocitg
is that it is an entirelg mathematical construct.

Pure sine waves do not exist,
as a monochromatic wave train is imcinitclg |ong.

Thcg are mcrcl?"a tool to construct wave Packcts,
which have a group velocitg,
and that is what we are measuring in exPcrimcnts.

http:/ /www.cvergthingz.com: Source: R. U. Sexl and H. K. Urbantke, Relativit:t, Gruppen, Teilchen, cl’tap. 2,24, 3rd edn., Springer, Wien (1992)



Infact, it may very well be that the Phase velocity comes
out
highcr than c,

(e.g. in wave guides!)

This Puzzles People, and some use that fact to claim that
the thcorg of rclativitg IS Wrong,.

However, even if you had a pure sine wave, you couldnt
use it to transmit any information,

because it is unmodulated,

so there is no contradiction.

http:/ /www.cvergthingz.com: Source: R. U. Sexl and H. K. Urbantke, Relativit:t, Gruppen, Teilchen, cl’tap. 2,24, 3rd edn., Springer, Wien (1992)



But it turns out that
even the group vclocitg may be higher than c,

namelg in the case of anomalous clisPcrsion

http:/ /www.cvergthingz.com: Source: R. U. Sexl and H. K. Urbantke, Relativit:t, Gruppen, Teilchen, cl’tap. 2,24, 3rd edn., Springer, Wien (1992)



Now how do we get around this?

well, this kind of clisPersion is so bad that the definition
of our wave Pacl«-:t loses its meaning because itjust
disintegrates, and again we cannot use it to transmit
information.

Thc onlg way would be to switch the signal on and off -
these discontinuities Propagatc with the wavefront
velocitg

vi=lim k—e (w (k) /k)

And again, rclativitg is saved!

h’ctp://www.evergthingl.oom: Source: R. U. Sex| and H. K. Urbantke, Relativitst, Gruppen, Teilchen, chap. 2,24, 3rd edn., Springer, Wien (1992), or
}ﬂ:tl:):/ / cn.wilchclia.org/ 'wiki/ Fastcr~than~light



Back to Phase Processing



Now we have to fix the time
So far our exPression has receiver and satellite clock time

~Not true time

Remember that the true time is the clock time acljustcd bg
the clock bias

[, = TA -1,

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



We know T exact] Yy

(itis the receiver clock time which is written into the
observation file — called a “time tag")

[, = TA -7,

But we don’ t know 7,

(we need it to an accuracy of 1 USEC)

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



How to estimate 7,

- Use estimate of 7, from Pscudo range point positioning
(if have receiver that uses the coclcs§>

- LS iteration of code and Phase data simultaneously

- I know satellite Position and receiver location well
enough 300 m for receiver — ] usec of distance) can
estimate it
(this is how GPS is used for time transfer, once initialized
can get time with onlg one satellite visible o tooselo)

~ Moclcling shortcut — linearize (Taylor series)

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Big trick

Eliminating clock biases using di]CFcrcncing




Return to our model for the Phase observable

Li(T,) = p] (tyt!) +cTy —ct/ + Z] - I} + B]

i

clock error - receiver

clock error - satellite

Satellite j g
What do we get if we combine '
measurements made by two ﬁ
receivers at the same ePoch? A s i
at spochs 1, 2, 3, ... at epochs 1.2, 3, ...

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Define the single difference

Li(T,) = p] (tA,tj)+c1:A —-ct’ +Z] -I] + B}

Li(T,) = p} (tB,tj)+ch —ct’ +Z] -I] + B}

AL,{xB 7 Li\ (TA ) 1 Lé (TB ) Pl Oy

Use triangle to remember is
difference between satellite Y
(toP) anl;:l two receivers f:;';i";_ﬂ,-a,,d L o Ly
( Ottom) at spachs 1, 2, 3, . at epochs 1,2, 3, ...

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



ALixB =LI{1(TA)_L{3(TB)
AL), = p; - pj +CT, — Ty =TTacy’

+Z] -7, -1/ +I] + B] - B]

ALZ&B 77 APXB + ACTAB + AZXB 1 Alf{B T ABXB

Satellite time errors cancel
(assume transmission times are same — Frobablg not
unless range to both receivers from satellite the same)

I the two receivers are close together the tro osPheric
and ionosphcric terms also (aPProximatelg cancel.

Blewitt, Basics of GPS in “Geodetic APPlfcations of GPs”



How about we do this trick again
This time using two singlc ditferences to two satellites
(all at same ePoch)

Define the double difference
AL,{XB 7] Apf{B + ACTAB + AZIL{B 1 AIf{B + AB/{B

AL, = AP, + AcT,, + AZ,, — AL, + AB’,

VALXCB = A L1J4 = i AL]Z E Satellite j gy @ satellite k
Use inverted trianglc to B e
remember is difference between b
two satellites (toP) and one ok S
rCCCivcr (bOt’tom) :ﬁ;;:hi?.a; 3, . at ep-:ur,h!-E:. 2,3, E

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



VAL}, = Apj, — Aply +m

+AZ] —AZ:, +AIl, — AL, + AB], — AB},

VALY, =VAplS + VAZ], —VAIY, + VABI,

Now we haveggotten rid of the receiver clock bias terms
(again to first order — and results better for short
baselines)

Double cthFerencing
~ removes (large) clock bias errors
~aPProximate|3 doubles (sma"er) random errors due to
atmosl:)hcre, ionosl:)herc, etc. (no free |unch)
- have to see both satellites from both receivers.

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Next — what is the ambiguitg term after double difference

Blewitt, Basics

of GPS i

(remembering definition of B/ )
VABXY; 7] ABXB Ty ABII;B
VABJ, =(B] - B}) - (B} - B)
VABJ = (¢, — 90 —Ni) - 2o(d, — 90 —Nj )+
P[0, — 08 = NL) + 24( 9y, — 94 ~ N5

VABJ = ~2,(N] - N} - N§ + N
VAB, = -A NI
Thc ambuguntg term reduces to an mtcger

eodeti APPI



So our final
Double difference observation

IS

VALY, =VApl + VAZX —~VAI — A VAN

One can do the cliﬁzerencing in either order

The sign on the ambiguitg termis arbitrarg

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



We seem to be on a roll here, solet’ s do it again.
This time

(take the difference of double differences)
between two ePochs

VAL, (i) = VAP (i) + VAZ (i) = VAL (i) - VAN 3, (i)
VALY (i +1) = VAp (i +1) + VAZ ] (i +1) —
VAIE (i +1) = VAN ({ +1)
Eclual if no

8(i,i + )VALY = VALY (i +1) - VAL, (i)  loss of lock
(no cucle

slil:;))

Phase measurements

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



So now we have gotten rid of the integer ambiguity

8(i,i +1)ALY, = VALY (i +1) = VALY (i)
8(i,i + 1)ALY, = 6(i,i +1)VApLL (i) +
8(i,i +1)VAZ L (i) = 8(i,i + 1)VAILL (i)

Satellite j, epoch i+1 gl Y Satellite k, epoch i+1

H: no CgCIC SIiP ™1 o ‘\‘7“‘(;{‘;. Satellite k, epoch i
ambiguities removed.

satellite j, epoch i @
’ Pe*
if there is a cgclc sliJ:) ~ get e
a sPi|<c in the tr|P|c a1 A
di#CrCnCC, atepochs 1,2, 3, .. atepochs 1,2, 3, ...

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Raw Data trom RINEX file: RANGE
Plot of CI (rangc in meters)
For all satellites for full clay of data

26 10’ GAS1 day 177, all SVs, C 1

251

241

231

range (m)

221

21

5 0 5 10 15 20
hour of day (local, 3 GMT)

From Ben Brooks



Raw Data trom RINEX file: RANGE
Plot of P1 (rangc in meters)
For one satellite for full clag of data

X 107 GAS1 day 177, Svi5s

1 1 | 1]
| e
. P2
|

25} [

2.55

!
245} ,

24

2.35

range (m)
N
w

225

221

215
211

2.05
5

| | | 1
0 5 10 15 20 25
hour of day (local, 3 GMT)

From Ben Brooks



From Ben Brooks

phase (cycles)

14

12

10

Raw Data from RINEX file: PHASE

GAS1 day 177, Svi15

T

e
O\

-~ - . -

| | |

0 5 10 15
hour of day (local, 3 GMT)

20 25



Raw Data from RINEX file: RANGE DIFFERENCE

GAS1 day 177, Svi15
1.5 T

]

range (m)
o
(¢}
1
wpdit0e
1

3 ! L L 1
5 0 5 10 15 20 25

hour of day (local, 3 GMT)

From Ben Brooks



Raw Data from RINEX file: PHASE DIFFERENCE

GAS1 day 177, Svi15

7000 4 T { 14 T
+ L2 L11

4000} / -

delta range (m)
1

J >
s Y
] %
s
- K -
2000 $ !
by %
3
.
> -

1000 I I I I I I
0.5 1 1.5 2 25 3 3.5 4

hour of day (local, 3 GMT)

From Ben Brooks



Zoom in on P 1asc observablc

Without an (L1) and with an (1.2) C9c|c s|i|:>

8000000 L ! ! | T T T I T T T | T T T T T T T
| s+ L1_phase I i
6000000 3
£ 4000000 | 1
(&) ]
>
£
()
% - L
< 2000000 G 1
o i 1
v Cycleslipat L2
0 _
2000000 bm—me—— :
18.8 19.0 19.2 19.4 19.6 19.8

Hrs

http:/ /www—gpsg.mit.cclu/ ~tah/12.540/



Cgcle sliP shows up as 5Pi|<e in triple difference

(so can iclenthcg and fix)

A

‘dowble difference phuse

|4--""’F
i

o N

\f\j cycle stip

—"" "Jump’

~ ’;'" .‘h—';'
23 ¥
(_\I\_)—\j
~—
tirie
-

v A
] - ‘spike’
———
= ‘_,..-""'""Hf
\’ -
p —~—
= -
= ~f \j\‘-)
<
5 g
el '\-f‘—
= | ~ .
T e

Have to do this for “all” Pairs of receiver-satellite Pairs.

http://www.gmat.unsw.edu.au/snap/gps/gps_survey/chap7/735.htm



Efects of triple ditferences on estimation

Further increase in noise
Additional eHect — introduces

correlation between observations in time
This eHect substantial

So triplc differences limited to iclcnti{:ging and Fixing
cgclc sliPs.



Usmg double difference Phase observatlons {:or relatlve
Posntlonlng

First notice that if we make all double ditferences - even
ignoring the obvious cluplications

VALY, =VALY, =VAL!, = VAL,

We get a lot more double differences than original data.

This can’ t be (can’ tcreate information).

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Consider the case of 3 satellites observed 133 2 receivers.

Form the (non trivial)

y. satellite i . Cad 5:'.|1[+||ih-'.'k Satellite |
double differences i@y ®
gkl T i\ 71k k .
Ly =L - 1) - (L - L)
L TR g iy A\
AB \ A B) \ A B Stﬂlinlljlz.ﬂ. ._Ellmti-:rnE
k ] records L), L.k L1
lk ( [ [ \ ( k k recmclsr]'__;_- '-L'{'LP‘ ﬂlemlchls.:i.ir.g.l...ﬁ
LAB _\LA_LB)_\LA_LB) at epochs 1, 2, 3, ... |
k I/ lk
Note that we can form any one Ly, =L, -L,,
from a linear combination of the g ik _ g
h AB — “AB = 4B
other two ) 1 -z
_ gk _7J
f i d J Lyp =Ly — Ly
(linear y depen ent)

We need a Iinearlg independent set for Least Squares.

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



From the linearlg depenclent set
oAl
We can form a number of Iinearlg inclcpenclent subsets

Lk Lyt = N ={Lh|a = jib = j}

(L5, Ll = A ={Lh|a = kib = k}

L Lt = N ={Lhla=1b=1

Which we can then use for our Least Sc]uares estimation.

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



