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Covariance and Cofactor matrix in GPS

If observations had no errors and the model was Perf:ect
then the estimations from

% =(ATA) A"D

Would be Per{:ect



Errors, v, in the original observations b will map into
errors v, in the estimates of x and this mapping will take
the same form as the estimation



If we have an exPected (a Priori) value for the error in the
clata, O, we can comPutc the exPccted error in the
Parameters

Consider the covariance matrix

and for this discussion suppose that the observations
are uncorrelated (covariance matrix is therefore

cliagonal)

C.= E(vf) =0}

l

C=E(VVT)



Assume further that we can characterize the error in the
observations ]33 a single number, o

C.=0"1
then

C,=E(vy!)= (( ATA AT*)( AT*) )

E((AT ATWTA AT )
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= o’(A"A)



C. = az(ATA)_1

Expectecl covariance is o< (a number) times cofactor
matrix, compare to

v, =(ATA) ATV
% =(ATA) ATD
Covariance or cofactor matrix

(474)"



f nterPretation of covariance

-1
C.=0 2(ATA)
Variance of measurements \
Measurementerrors may  we saw before that Ais
be indePenclent (our dependent on thc
assumption — Wl"ﬂ we “direction” from antenna to

could factor SUt constant  gatellite — so it is a function
o?) of the gcometrg

But total e{:Fcct, atter Least Scluarcs, can be non-

diagonal.



Since A is function of geometr onlg, the cofactor matrix
is also a function o geometry onlg.

sy

Can use cofactor matrix to quantﬂzg the relative strength
of the gcometrg.

Also relatcs measurement errors to cxPcctccl errors in
Position estimations



In the old clags,
before the full constellation of satellites was ﬁging,

one had to Plan — clcsign — the GPS surveging sessions
based on the (changing) geometry.

A is therefore called the “clesign" matrix

Don’ t have to worry about this anymore

(most of the time).



I ook at full covariance matrix

C, =0*(ATA)

9
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ql\)
S
Qa9
Q9
Q

GZX GZ}’ GZ GZ‘L’

2

AR R A1 (0:1)
O. =0

Off diagonal elements indicate degree of correlation
betwcen Paramcters.



Correlation coefficient

Gij

lOzj T
1/01.20?

DePencls only on cofactor matrix

| nchenclcnt of observation variance (thc o2’ s cancel
out)

+ Pchect correlation — what does it mean — the two
Parameters behave Practica"g iclentica"g (ancl are not
inclcl:)endent?l) .

O — no correlation, inclePenclcnt

~1 Per‘Fect anti-correlation — Practica"y oPPosites (and
not indcpcndcnt?!) !



So far all well and good —

but Cartesian coordinates are not t

ne most use{:ul.

We usua"g need estimates of horizontal and vertical

Positions and velocities on earth

(e"iPsoid?) .

We also need error estimates on the Position and

vcloc:itg.

Since the errors are a function of the geometry onlg, one
might exPect that the vertical errors are |arger than the

horizontal errors.



How do we find the covariance J/ cofactor matrices in the
local (north, cast, uP) coordinate sgstem?

Have to transform the matrix
fromits rePresentation in one coordinate system
toits rePresentation in another

using the rules of error Propagation.



First how do we transform a small relative vector in
Cartesian coordinates (u,v,w)

to local toPocentric coordinates (n,e,u)?

— —

AL=GAX

[An) [-sinpcosA -—singsinA cos@) (A x)
Ae —sinA COS A 0 Ay
\Au) \cospcosA cos@sinA sing/\Az,

Where ¢ and A are the lat and long of the location
(usua“g on the surface of the carth) resl:)cctivelg



Errors (sma" magnitucle vectors) transform the same way

v, =GV

Whg?
Using linearitg

AL = GAX
G(AX+VX)=GAX+GVX =AIj+G\7x =AZ+\7L



Errors (sma" magnitucle vectors) transform the same way

Now — how does the covariance
C = E(w")
Transform?

Plug In — get

“law of Propagation of errors”



law of propagation of errors
C,=E(v, ;)
c,-E(Gv,(67,))
C,=E(Gv V.G
C,=GE(vv)G’
C,=GCG"

(does this look familiar?)



law of Propagation of errors
C, = E(v,v] )

T, = E(GVX(GVX)T)

C, =E(GV¥/G")

C, =GE(v¥!)G"

C, =GCG'

(does this look familiar?)

(it better -- trans{:orming tensors!!)

This is a gcneral result for affine transformations
(multiplication of a column vector ]:)3 any rectangular
matrix)



An affine transformation is any transformation that
preserves

co”inearitg
(i.e., all Points Iying on a line initia"g still lie on a line after
transformation)

and ratios of distances

(e.g, the micll:)oint of aline segment remains the miclPoint
after transformation).

httP: / /mathworld.wolfram.com/Affine Transformation.htm!



Geometric contraction, exPansion, dilation,

reflection,

rotation, shear, similantg transformations, spiral

similarities, and translation

are all atfine transformations,
as are their combinations.

v

In general, an affine transformation is a com

rotations, translations, dilations, and s

hosition of

Nears.

While an affine transformation preserves Proportions on
lines, it does not necessarilg preserve angles or |engths.

httP: / /mathworld.wolfram.com/Affine Transformation.htm!



I ook at full covariance matrix

(actua"g onlg the sPatial Part)
C,=0*(ATA)"

(af |6 anh\
¢, =070, o5 O,

2
\Orn  Ope Oy )

Can use this to Plot error e"ipscs ona map (horizontal

Planc) :
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Error estimators —

Remember the expression for the RMS in 2-D from
before

1

DRMS = (0.’ +0,’)?

We can now apply this to the covariance matrix
PP'Y



Error estimates called “dilution of Precision” — DOP —
are defined in terms of the diagonal elements of the

covariance matrix
1

GDOP = (anz +0’+0, + ojf)2
PDOP =(0, +0, + a}f)i‘-
1

HDOP =(0, +0,)?
VDOP =g,
TDOP =o.

al, V — vertical,

amehea

G — geometric, P — Position, H — horizon

T - time



The DOPs map the errors of the observations
(rePresen’ce /quantified statistica"g bg the
standard deviations)

Into the Parameter estimate errors

1
o GDOP = a(crnz +0’+0, + af)z
1
oPDOP =0 (anz +0” + 0h2)2
1
o HDOP = o (an + 062)2
oVDOP =00,

oTDOP =0 C,



Sofora ocofimand an x—DOP of 5, for example,
errors in the Position X
(where x is one of G, P, H, V, T)
Would be 50=5m

“Good” geometry gives ‘small’ DOP
“Bad” geometry gjves ‘|arge' DOP
(tis relativc, but PDOP>5is considered Poor)



3-D Accuracy Terms

» Error Ellipsoid

— 19.9% of positions will lie inside this “error
ellipsoid”

W\W\l.eng.auburn.eclu/ dcpartment/ an/Teaching/BSEN_éZZO/ GPS/Lecture%20Notes/ Carrier_Phase_GPS.Pd{:



In 2-D

There is a 40% chance of being inside the 1-o error
e"iPse (comParecl to 68% in 1-D)

Norma"g show 95% confidence c”iPses, s 2.54 o in2-D

(is onlg 20 in 1-D)
Can extend to 5-D



Another method of estimating location

Phase comParison / Interferometer

~-VLBI
- GPS-Carrier Phase Observable



VLDI

Uses techniclues/ Phgsics similar to GPS but with natural
sources
(in same Frequencg band and suffers from similar errors)

1secin

( cy
1 million years)

httP://www‘coIoraclo‘edu/cnginccring/ASEN/ascnﬁO?O/asenﬁO?O‘html



Correlate signal at two (or more) sites to find time shift

Ncccl more than | receiver.

Ditferential (difference) method

(similar to PRN correlation with GPS codes
or

Aligning two seismograms that are almost same but have

time shift)



Assume you are receivinga Plane wave from a distant
quasar

Hydrogen maser clock A
(accuracy 1 sec in ! - = =i
1 million years)

Magnetic Tape

httP://www‘coIoraclo‘edu/cnginccring/ASEN/ascnﬁO?O/asenﬁO?O‘html



Two radio antennas observe signal from quasar
simultaneouslg.

The signal arrives at the two antennae at different times

cy
1 million years)




The distance or baseline length b between the two
antennas can be defined as:
b*cos (B) =c *AT
where 0 is the angle between the baseline and the quasar

Quasar .

cy 1sec i
1 million years)

Magnetic Tape

httP://www‘coIoraclo‘edu/cnginccring/ASEN/ascnﬁO?O/asenﬁO?O‘html



Baseline length

Massac:husc’cts to Gcrmang

Westford-Wettzell Baseline Evelution
(mean value 5998.326450 km)

* ,’-.'.' .
.100,«“‘. con..t

Length Minus Mean Value (mm)

L ——

What is this variation?

Seasonal variation, geophysical phenomena, modelin
2 Pki P g
Prob ems”?

httP://www‘coIorado.edu/engincering/ASEN/asenﬁO?O/asenﬁO?O.I’]’cml



Short Periocl Chours/ dags) variations in LOD

Rapid Variation in UT1 from VLBI

S

20 -

-20
-40
-60

Microseconds
o

12 14 16 18 20 22 24 26
January 1994

Mostlg from ocean tides and currents

l’]’dtp://www.colorado.eclu/cnginccring/ASEN/ascn5090/ascn5090.I"ltml



Correlation of AtmosEheric Angular Momentum with
(|ongcr Pcriocl — weeks/months) variations in LOD.

Correlation of AAM and VLBI LOD
3000

1500
1000

Microseconds

-500
-1000

90 905 91 915 92 925 93 935 94 945 95
Year

l’]’ctP://www.coIorado.eclu/cnginccring/ASEN/asen5090/ascn5090.I'mtml



(longcr term — months/ gears/ Hip changes in LOD and
EOP

Nutation
and
Precession

Millr cseconds
“ewn

Polar
Motion |

Exchange angular momentum betWeen |arge earth
structures (eg,. core!) and Moon, Sun.

http://www.colorado.edu/cnginccring/ASEN/ascn5090/ascn5090.html



Plate velocities \ \\\\\\\\

IIIII"HIH\H




VLD

Not the most Portable or inexPensive sgstem —~

But best definition of inertial chercncc frame external to
earth.

Use to measure changes in LOD and EOP due to
gravitational forces and redistribution of angular
momentum.

l’]’ctP://www.colorado.eclu/enginccring/ASEN/ascn5090/ascn5090.html



Wavelet Decomposition for VLBI LOD

A A R

4 (]

6;:‘,‘;‘(.‘*1,“’{7“7&‘?‘(,‘ ﬁ{J’JH;
Fl { i ! W 1ES

Period in Days

vertical cut - sPectral decomPosition LOD at that
instant.

horizontal cut - how strcngth of comPonent varies with
time.

Combining both — 2-D view clynamic nature of LOD.

http://www.colorado.eclu/cnginccring/ASEN/ascn5090/ascn5090.html



Wavelet Decomposition for VLBI LOD
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l’]’ctP://www.coIorado.eclu/engincering/ASEN/asen5090/ascn5090.html



Factors attecti ng EOP

planetary gravitational attraction luni-solar gravitalienal attraction
D .
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Great book —
Longitudc, bg Dava Sobel,

describes one of the first great scientific comPetitions--
to Provicle shiP caPtains with their Position at sea.

This was after the loss of two thousand men in 1707,
when British warshil:)s ran agrouncl entcring the F:nglish
Channel.

The comPetition was between the Astronomers Rogal
(fat cats), using distance to the moon and its angle with
the stars, andga man named John Harrison (unEnown
commoner), who made clocks.

Strang, http: //www.siam.org/siamnews/! general/ gPs.htm



The accuracy demanded in the 18th centurg was a
modest 1/2 clegrce in Iongitucle.

The earth rotates that much in two minutes.

For a six-week voyage this allows a clock error of three
seconds per clag.

Newton recommended the moon, and a German named
Mager won 5000 F:ng Ish Pouncls for his lunar tables.
Even Euler got 500 ror :>rovicling the right ecluations.

But lunar anglcs had to be measurccl, on a ro"ing shiP at
sea, within 1.5 minutes of arc.

Strang, http: //www.siam.org/siamnews/! general/ gPs.htm



The big Prize was Practica"y in sight for the lunar
method, when Harrison came from nowhere and built
clocks that could do better.

(You can see the clocks at Grcenwich
ComPeting in the |ong tnj: to Jamaica, Harrison’ s clock

|ost onlg Five seconds an cvcntua"g (tl‘le fat cats Fought
it) won the Prize.

Strang, http: //www.siam.org/siamnews/! general/ gPs.htm



The modern version of this same comPetition was
between VLBJ and GPS.

Very Long Baseline lnterFerometrg uses “God’ s
satellites,” the distant quasars.

The c|0c|< at thc receiver has to be very accurate and
exl:)ensive.

The ecluiPment can be moved (on a flatbed truck), but it
IS certainlg not handheld.

Strang, http: //www.siam.org/siamnews/! general/ gPs.htm



There are valuable aPP!ications of VLBI, but it is GPS
that will appears evergwherc.

GPS s Perhaps the second most imPortant militarg
contribution to civilian science, after the Internet.

The keg is the atomic clock in the sate“ite, clejgnecl 133
univcrsitg Phgsicists to confirm Einstein’ s pre iction of
the gravitational red shift.

Strang, http: //www.siam.org/siamnews/! general/ gPs.htm



Using Pseuclo~ra e, the receiver solvcs a nonlmear
pro lem In gcomctrg

What it knows is the the distance dj between itself and
the sate":tes

What if we know the difference in arrival times of the same
signal at two or more receivers.

Stral g,hf:tp//www .org/siamnews/genel ral/gp Jhtm



Ina Plane (2-D), when we know the difference d,z
between the distances to two Points, the receiver is

located on a therbola.

o ™
Distances
A-B=C-D

In space (3-D) this becomes a hgpcrboloicl.

Strang, http: //www.siam.org/siamnews/! general/ gPs.htm GPS Concepts -- 3D Ao W A4 T



Then the receiver lies at the intersection of three

hgpcrboloicls, determined bg sl d,j, and d,,.

Two hgpcrboloicls are likelg to intersectin a simplc closed
curve.

The third Probablg cuts that curve at two Points. But
again, one Point is near the earth and the other is far
away.

Strang, http: //www.siam.org/siamnews/! general/ gPs.htm



Intchcromcter

E)asecl on iﬂtCl"FCf'CﬂCC O{: waves

Wave 1 /\/\/
+ =
\‘\"J\"C 2 /\/\/
Constructive Interference
Wave 1 /\/\/
+ =
Wave 2 \/\/\

Destructive Interference

ht‘tpz/ /www.space.oom/ scienceastronomy/astronomy/ intcherometrg_lO].html



How to make Princi ble of interference useful?

i.e. how does one get relative Phase difference to vary,
so the interference varies?

Wave 1 //-\\\~///ﬂ\\\\//
+ —
Wave 2 /’\\\\J//f\\\\//

Constructive Interference

\"\‘:{l ve

Wave

. /\/\/
+

2 \/\/\

Destructive Interference

http:/ /www.space.oom/ scienceastronomy/astronomy/ intcherometrg_lOl.html



Interference from single slit

As move across screen %Ct PI"!BSC cthFerencc FI"OITI

different lengths o, Paths through slits
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RISl Ctive interference (net result across entire wavefront)

Makes “fringes”
As Phasc goes througﬁ changc of 2n

htl:l:): // badgcr.Phgsics.wisc.cdu /lab/manual2/node17 html



Interference from double (multiple} slit

Similar for multi-slits, but now interference is between the
waves leavi ng each slit
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(about 2 meters)

mA ',"’Constructive interference between wavetfronts from each slit.
(Single slit diffraction is still present)

Light going through slits has to be “coherent”
(does not work with “white” |ight)

htl:l:): // badgcr.Phgsics.wisc.cdu /lab/manual2/node17 html



The Phase change comes from
the change in gcomctric lcngth
between the two “ rags”

(change in Icngth of1 /2 wavelcngth causes Jtchangc in
Phase — and destructive interference)



Michelson Interferometer
Make two Paths from same source
(for coherence, can’ t do with white |ight)

Michelson interferometer

- =
movable mirror —
s
c——— half-silvered mirror
d+x J

fixed mirror

Can change gcomctric Path |cngth with movable mirror.
Get interference {:ringes when recombine.

http: // www.Phgsics.nmt.edu/ 3 raymoncl /classes/ Phl}xboolc/ noder.html



Definition of vector norms

Vector Norms

5 (Eucliclean) norm : Unit circle

Ix]], = \/i\xl : x|, <1
i=1
| 'norm I
x|, = D |x, ||, <1
=1

‘é 9
o Or maxX norrm:

Unit square
||, <1

Ix/l. = max|x,

From lec3.gps



lntechremctrg




The Phase change comes from the chan$e in distance
(#wavelengths) between the two ‘rags”

(at constant velocitg a) char?e geometric distance
travele

(change in length of1 /2 wavelength causes Jtchange in
Phase — and destructive interference)



Michelson Interferometer
Makc two Paths from same source
(for coherence, can do with white |ight!}
Michelson interferometer

-
movable mirror —__
s
> ——— half-silvered mirror
d+x J

fixed mirror

“;L/
Can change geometric Path Iength with movable mirror

(cg mount on sPcakcr) .
Get interference “{:ringes" when recombine.

}ﬂ:tl:):/ / www.Physics.uq.cclu.au/ Pcoplc/ mcintyrc/ aPPlcts/ michelson/michelson.html



Note from animation

Can “intcgratc” (count continuouslg) the {:ringcs and
see how theg change,

but there is a certain ambiguitg
(each set of Fringes looks same as others)

[no “reference” Fringe]






Another way to get Phase changc

Change the ¢ oPtxcal Path lcngth (e.g. 133 changmg

velocntg

What counts is number of “cgcles” (wavclcngths) ,

not geometric distance.



Change oPtical Eath |ength 133 changing index of

retraction along Path

(this is what haPPens to GPS in ionosphcrc and
troPosPhere

— error for crustal motion,

signal for ionosPheric Phgsics, weather, etc.)



GPS Carrier (beat) Phasc observable

(The word “beat” is usua"ELnot included in the “carrier
Phase observable” name, which can cause some [major]
confusion)



The keg is to count radio wavelengths between satellites
and receiver.

This number (the Phasc) IS an intcgcr Plus a fraction.

wavelength

(one cycle)

Strang, http: //www.siam.org/siamnews/! general/ gps.htm



Phase measurements

One can convert Phase to distance b multiplging the
Phase bg the wavelengﬂ'l

(so J)hase measurements are another way to measure the
istance from the satellite to the receiver — another
"Pseuclo“ distance measurement)



ThC wavelengths OF thC carrier waves are vcrg short 1

APProximately
19cm for L1and
24cmforl2 —

comParccl to the C/A (Iengtln of one "chip* at “IMHz is
~300m) and P code chiP |engtEs.

http:/ /www.gtnat.unsw.edu.au/snap/ gps/ gps_surveg/ chap}/}l}.htm



Phase measurements

Phase can be measured to about 1% of A (3.6°)
This gives a Prccision of

~2 mm for Li
~2.4 mmforl2



Phase measurements

this means that carrier Phase can be measured to

millimeter Precision

comParecl with a few meters for C/A code measurements
(but to fCt this you rca”g need WAAS) ! and several
ecimeters for P code measurements.

http:/ /www.gtnat.unsw.edu.au/snap/ gps/ gps_surveg/ chap}/}l}.htm



Tracldng carrier {.Phase signals, however, Provicles no time
of transmission information.

The carrier signals, while modulated with time tahggcd
binarg codes, carry no time-tags that clistinguis one
cgcle from another.

TAGGED CYCLES AT TIME & TAGGED CYCLES AT TIMEE
14 | |
i REMOTE )
N RECEIVER oy
i ‘ L
(h REFERENCE i '
i RECEIVER 1

RANGE FROM SV TO REMOTE HAS CHANGED BY 7 CYCLES
(IF NO CYCLE SLIPS HAVE OCCURRED)

CARRIER PHASE TRACKING

P H Dana 8/17/94

Dana, ht‘tp: //www.colorado.edu/ geography / gcramct/ notes/ gPs/ gps_F. html



The measurements used in carrier Phase tracking are
differences in carrier Phase cycles and fractions of
cgclcs over time.

TAGGED CYCLES AT TIME & TAGGED CYCLES AT TIMEE
14 | |
M REMOTE )
N RECEIVER oy
i ‘ L
(h REFERENCE i '
i RECEIVER 1

RANGE FROM SV TO REMOTE HAS CHANGED BY 7 CYCLES
(IF NO CYCLE SLIPS HAVE OCCURRED)

CARRIER PHASE TRACKING

P H Dana 8/17/94

Dana, ht‘tp: //www.colorado.edu/ geographg / gcramct/ notes/ gPs/ gps_F. html



Un{:ortunatelg

Phase measurement is “ambiguous" as it cannot
discriminate one (either LlorlL2) ¢ cle from another
cycle

(theg all “look” the same).

TAGGED CYCLES AT TIME & TAGGED CYCLES AT TIMEE
14 | |
M REMOTE )
N RECEIVER oy
i ‘ L
(h REFERENCE i '
i RECEIVER 1

RANGE FROM SV TO REMOTE HAS CHANGED BY 7 CYCLES
(IF NO CYCLE SLIPS HAVE OCCURRED)

CARRIER PHASE TRACKING

P H Dana 8/17/94

ht‘tpz/ /www.gmat.unsw.eclu.au/snap/ gps/ gps_surveg/ chap}/}l}.htm



In other words, time-of-transmission information for the
signal cannot be imPrinted onto the carrier wave as is
done using PRN codes

(this would be Possible onlg if the PRN code Frcc]ucncg
was the same as the carrier wave,

rather than 154 or 120 times lower — and longcr - inthe
case of the P cocle,

and 1940 or 1200 times lower — and Iongcr - for the C/A
code).

http:/ /www.gtnat.unsw.edu.au/snap/ gps/ gps_surveg/ chap}/}l}.htm



The basic Phasc measurement is therefore in the range

O°to 360°

(or Oto 2n)

http:/ /www.gtnat.unsw.edu.au/snap/ gps/ gps_surveg/ chap}/}l}.htm



Phase measurements review:

Phase measurement PRECISE

But AMBIGUOUS



Another complication ~
Plnase measurements have to be corrected for
Propagation effects

(scvcral to10’ s of meters) to benefit from the increased
Precision



The keg is to count radio wavelengths between satellites
and receiver.

This number (thc Phase) IS an integcr Plus a fraction.

AR SRy SRy ARy SN SRy SRy Sy SRy SNy Sy Sy Sy Sy Sy SRy Sy Sy SNy Sy S Sy Sy Sy SRy Sy Sy SNy Sy S ARy Sy Sy Sy Sy Sy Swy Sy Sy awy Sy Sy ey sy

The integer part (called the ambiguitg) is the trickg
Problem.

It has to be right, because one missing wavelength means
an error of 19 cm or 24 cm (the satellite transmits on two
{:reclucncies) .

Strang, http: //www.siam.org/siamnews/! general/ gPs.htm



Difference of Phase measurement at two Points less than
one wave lenth aPart

(stags constant with time and clePencls on distance [{:or
stationary source])

Low Frcclucncg
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Higher {:rec]uencg.

Phase difference still says somcthing about distance but
have to know number o cyc:les?

How to do this?




Note that the Phase is not constant for fixed Positions of
the transmitter and receiver-.

The rate of Phase change, and therefore the Frcqucncg,
is constant in this case.
({:rectxencg is rate of change of Phase [whcn the rate of
change of Phase Is not constant ~ instantaneous
Frec]uencg s the instantaneous rate of change of

Pl‘tase])

Movin%transmitters and receivers cause the rate of
Phasc change to vary, and therefore the Freclucncg to
vary --- a Do :>|:>|er shift.




How to use the Phase.
We can kccp track of Phasc once we lock onto it.

Phase measurements

= When a satellite 1s locked St
(at r,). the GPS receiver
starts tracking the
imncoming phase ,x* : =
= It counts the (real) number 4 ——
of phases as a function of S(t0) e VA
4
time = Ag (1) &\ /
= But the inihial number of N\
3

/
&
phases N at 1,15 X /N
unknown. .. \ /
» However. if no loss of M, /
lock. NV 1s constant over an

orbat arc Earth

—

Butcan't tc" how many whole cgcles/ wavclengths there
are between satellite and receiver — called the (integer)
ambiguitg.

From E. Calais



Determining this integer is like swimming laps in a pool
2 g Slap P

after an hour, the fractional part is obvious, but it is easy
to {:orgct the number of IaPs completecl.

Strang, http: //www.siam.org/siamnews/! general/ gPs.htm



You could estimate it bg dividing total swim time 133
aPProximatc laP time.

For a short swim, the integer is Probably reliable.

But the |onger you swim, the greater the variance in the
ratio.

In GPS, the |ongcr the baseline between receivers, the
harder it is to find this whole number-.

Strang, http: //www.siam.org/siamnews/! general/ gPs.htm



Phase, {:rccluencg and Clock time

Phase is angle of rotation

=0 b5
(]
Tirres i
L =
1
1
g
iy - r
Fofales wih :' b 1.0 Fliata
Mrecpeany / |eychas)
i

Unitis cgcles
Note is ambiguous bﬂ whole “rotations”

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Concept of time
(or at least kccPing track of it)
based on Pcrioclic “motion”
Day ~ rotation of earth on own axis
Year — rotation of earth around sun

Quartz crgstal (or atomic clock I oscillations
Etc.

Phase is “%” of Periocl.
But does not count whole Periods.

Need way to convert Phase to time units.

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Where

Tt is time accorcling to our clock at (some “absolute”
time) t

¢, =¢(+=0) is the time origin (our clock reads 0at ¢,,)

k is the calibration constant converting cgcles to
seconds

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



F‘recluencg

E‘.xPressecl as cgcles~Pcr~seconcl
(Sl unit is Hertz)

Assumes rotation rate i1s constant

Better definition — rate of changc of Phase with resPect
to time (this also covers instantaneous Phasc)

_ dg(t)
U dt

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



do(r)

f = 11T constant pure sine/cosine
5
sl LR
i
Timw i
* =
|
|
L
| i = = o
Eoles wih r W M Phass
rIF-:rH'-:.'_.' i |Cyches]
i

Phase changes Iinearlg with time

B]ewitt, Basics of GPS in “Geodetic APPlications of GPs”



We will treat
-~ Phase as the fundamental cluantity

— F‘recluencg as the derived quantitg or clel:)endent
variable

Basis for “ideal” clock

Constant Freclucncg

¢ideal T fé)lL + ¢O
71ideal T k f;)t

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



of GPS in “Geodetic APPlications of GPS”

¢ideal h f;)t r ¢O
];deal IE k ﬁ)t

This suggests that

z]/f;)

SO




So we can describe the signal below as

A(t) = Aysin(27¢ (1))

=0 b5
&
Tirres i
» =
1
i
§
— ' -
Fiofaries wih b oy e Fliasa
Frscpeansy, | |cyches)
i

Iif one measures A (%) one can determine ¢ (&)

Blcwitt, Basics of GPS in “Geodetic APPlications of GPs”



Signal forideal clock

Ayea(1) = Ay sin(279,,,, (1))

A (t)=A n(z fot + ¢, )

A, (t)=A cos(2n¢0)sm(2quo )+ A, sin(2n¢0)cos(2fg‘0t )
Ao (2) = A sin(w,t ) + AS cos(w,t )

Slgnal for real clock

A,..(T) = A sin(w,T ) + AS cos(w,T )
GPS signal of this form PLUS “modulation” 133 +or —1.

tt, Basics of GPS in “Geodetic APPlications of GPs”



To “receive” a GPS signal the
received signal (whose Frequcncg has been shifted bg

the Dopplcr effect — more later) is mixed with a receiver

generatccl copy of the signal
Producing a beat due to the difference in Frec]ucncg

Halmipn-s 2emn

Eelerenoes w 2P5

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



When two sound waves of ditferent freq

your ear, the altcrnating constructive and

uenjg aPPrOBCh

estructive

interFerence causes the sound to be a

and IOUd

tcmativelg soft

-a Phcnomenon which is called "beating" or Proclucing

beats.

~The beat Frecluencg IS cclual to the absolute value of the
difference in Frecluencg of the two waves.

345 m/'s
C Constructive interference

D Destructive interference

lg:;tft: {1 { I;?Pcrphgsicsphg—astr. gsu.eclu /hbase/sound/




Beat I:recluencies in Sound

Thc sound of a beat Frec]uencg or beat wave Is a
Huctuatin% volume caused whcn you add two sound
waves o slightlg ditferent {:rec]uencies together.

if the {:rec]uencies of the sound waves are close enou[%h
togethcr, you can hear a relatively slow variation in the
volume of the sound.

A good examplc of this can be heard using two tuning
orks that are a few Hz aPart (orin a twin engine
airPIanc or boat when the engjnes are not s nc%;ecl" =
you hear a “wa-wa-wa-wa-. .. noise?

http: // www.schoo|~{:or~chamPions.com /science/ sound_beat. htm



Beats are caused bg the interference of two waves at the
same Point in space.

cos(2rgf1) + cos(27@f2) = 2Acos(2n: Ji ;fz)cos(Zn J "2‘fz)

fl_fz
2

f beat

Beat -~ F‘recluencg
of minimia, which
haPPens twice per
cgcle.

http: //| hgpcrphgsics.Phg—astr. gsu.eclu/ hbase/sound/beat.html



Note the Frcquencies are
half the difference and
@ragg of the original Frcclucncics.
cos(2af, ) + cos(2xf,) =2A cos(Zn Ji o : /2 )cos 27— -|2- E )

Different than ' V /W’ N\ VW“

multiplying (mixin ,
the tvl\:l)oy{:regcluenag { UVW W\/ 4 /\ /\ /\ /\ /\ [\/\}

http: //| hgpcrphgsics.Phy—astr. gsu.eclu/ hbase/sound/beat.html




