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WAAS

It Provicles enhanced integrité?, accuracy, availability, and

continuity over an

The differential correction

above GPS SPS.

function Provicles imProvccl

accuracy recluirecl for 'frecision“ instrument aPProaches

or ai

rcra{:’c.



SBAS

Satellite-based augmentation sgstems

use satellites and networks of grouncl stations to Provicle
imProvecl accuracy for received GPS satellite signals.



SBAS

lntcmationa”g, many countries are working with the
International Civil Aviation Organization (ICAQ) to

standardize satellite-based aUﬁmentation systems
(SBAS) glol:)a y.

WAAS is an SBAS currently being implementecl in the
United States



How WAAS Provides imProved accuracy.

The Wide Area Augmentation Sgstem (WAAS) uses a
network of grouncl stations to Proviclc ncccssar‘?
corrections to received GPS SPS navigation signa S.

Precisel survegecl ound reference stations are

strategical y Positionc across the country, includinﬁ In
Alaska, Hawaii, and Puerto Rico, to collect GPS satellite
data.



How WAAS Provicles imProved accuracy.

Using this information, a message is developed to correct
any signal errors.

These correction messages are then broadcast on the
same Frequencg as GPS signals bﬂ communications
satellites to GPS receivers (on board aircraft, but rca"g
most new GPS receivers).




How WAAS Provicles imProvecl accuracy.

WAAS is clesignecl to Proviclc the additional accuracy,
availability, and inte rity necessary to enable users to
rclg on GPS for aﬁphascs of i ht, from enroute
’chrough aPProach for all quali{:ief airPorts within the
WAAS coverage area.



How WAAS Provides imProved accuracy.

WAAS suPPIies two different sets of corrections:



How WAAS Provides imProved accuracy.

I: corrected GPS parameters (Position, cloc:|<, etc.)



How WAAS Provides imProvecl accuracy.

2: IonosPheric Parameters. The second set of
corrections is user Position inclepenclcnt (l.e., theg aPPIH
to all users located within the WAAS service area).



How WAAS Provicles imProvecl accuracy.

The second set of corrections is area speci{:ic. WAAS
suPPIies correction Parame’cers for a number of Points
(organizecl ina grid Pat‘tcm) across the WAAS service
area.
The user receiver comPutes ionospheric corrections for
the received GPS signals based on algorithms which use
aPProPriatc gricl Points for the user location.




How WAAS Provicles imProvecl accuracy.

Furthermore, the appro riate grid Points may ditfer for

each GPS satellite signa received and Processecl bg the

user receiver, since GPS satellites are located at various
Positions in the 5|<9 relative to the user.

The combination of these two sets of corrections allows
for signhcicantlg increased user Position accuracy and
confidence angwl‘)ere in the WAAS service area.



J Satellite 7
GEO Satellite GEO Satellite

http:/iwww.faa.goviabout/office_org/headquarters_offices/ata/service_units/techops/navservices/gnss/waas/howitworks/
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Other SBAS sgstems



EGNOS

E‘uroPean Geostationarg Navigation Overlag Service



MSAS

Multi-Functional Satellite Augmentation Sgstcm
(JaPan)



Miraculouslg theg are all (suPPosecl to be)
comPatible!
(onlg WAAS functional)

WAAS not much helP for high-l:)recision, dual Frcclucncg,
GPS.

4

(ngcs better starting estimate, but once station is
Processecl one time have starting estimate to cm's.)



Carrier Phase Tracking

Used in high~Precision survey work
Can generate sub~centime’cer accuracy

The “20 cm carrier is tracked b? a reference receiver and
a remote (user) receiver

The carrier is not subjcct toS/Aandisa much more
Prccisc measurement than Pscuclorangcs.

A, Ganse, U. Was]’:ington A ]'nttp:/ /s’caFF.washingt:on.edu/aganse/



Carrier Phase Tracking

Requires bookccpin of cycles: subject to “sliPs"
(loss of “lock” bg the P aseqockecl looP tracking each
satellite)

lonospheric clelag differences must be small enough to
Prcvent full sliPs

Rcc]uires remote receiver be within ”§O|<m of base (for
single Frequencg, short occul:)ations)

Usua"g used in Post-groccssccl mode, but Real Time
Kinematic (RTK) method is developing

A, Ganse, U. Was]’:ington A ]'nttp:/ /s’caFF.washingt:on.edu/aganse/



Receivers

Basic 12 channel receivers start at $100

Usua"y includes track & wagl:)oint entry
with built-in maps start at $150

Combination GPS receiver/cell Phonc ~“$350

"Outdoor” have barometric altimeter and
electronic (Hux gate) compass (hiking,
CamPing, bicgcling, Huing w/o aviation

database, GPS ﬁ‘jelcﬁvork, 1Y)
“$100 to $500

A. Ganse, U. Washington, ]'nttp:/ /staFF.washingkon.eclu/aganse/




Receivers

5urvey~c]ua|it3: $1000 and up

Carrier tracking

EM receiverfordi rﬂeFeFl:laal-eeFFee’erei=1£,—€ele|—euﬂbe1‘:-' '
date)

WAAS

"y Bl i e Cold
out-ekdate)

Internet/web page interface/USB /bluetooth.

A, Ganse, U. Was]’:ington A ]'nttp:/ /s’caFF.washingt:on.edu/aganse/



Point Positioning with Psuedorange from code



1

GPS position, navigaion &
time determination rdies
on the measurement of the
times of arrival of satellite
signals

Theuser's 3-D geographic
coordinaes and precise
time are calculated from 4
or mone satellites "in view!

How GPS Works

2

Each sadlite sends

tslocdion &the

precisetime of its

transmission _

3

Theuser's GPS
equip ment receivesthe
signal from each sadlite
andrecordsitslocaion
andthe arrivd time of its
signal

Theuser's GPS equipment
computes the user's
position from the
differences of the signd
arival times and the
locations of the sstellites




-
SIS Code Point Positioning

+ Write pseudorange as a function of

- Spacecraft position XK,...
- Receiver position (ECEF) X,....
- Clock errors of spacecraft and receiver

T =[\j(xu —x" Y+, -y +(z, -2 +b, —B"]-{- Vv

- Measure pseudorange from >= 4 satellites and
you can solve for x, y,. z,. b,

r: = f} ('X.ZZ 2 .1:14’ 2 :!i ’ bh') + l/:




Position Ec]uations

P=A[(X =X +(Y =Y)> +(Z=Z)> +b

P, =X =X, @ Stz He

P =X -X) + (Y -, +(Z~Z,)" +b
Where: P, =+ (XX, +(Y -Y, +(Z~Z,) +b

.= Measured PscudoRangc to the ith SV
X., Y,, Z.= Position of the ith SV, Cartesian Coordinates

X,Y,Z=User Position, Cartesian Coordinates, to be
solved-for

b = User clock bias (in distance units), to be solved-for

he above nonlinear ccluations are solved iterativelg
using an initial estimate of the user position, XYZ, and b



-
SIS Code Point Positioning

+ Write pseudorange as a function of

- Spacecraft position XK,...
- Receiver position (ECEF) X,....
- Clock errors of spacecraft and receiver

T =[\j(xu —x" Y+, -y +(z, -2 +b, —B"]-{- Vv

- Measure pseudorange from >= 4 satellites and
you can solve for x, y,. z,. b,

r: = f} ('X.ZZ 2 .1:14’ 2 :!i ’ bh') + l/:




2l M Linearization

Choose 1nitial state estimate:

—— R Ju \ - T
Xo = ("uo'}"uo*wo-buo)

Assume that actual state 1s given by
X =X, +0X

Linearize the pseudorange measurement

- 7©+7, ~ @)+ L T -%)+7,

which can be rewritten as
-f(X,)=0r=G. ox+V,

and then solved for ox to find the actual state




SIS Pseudoranging

+ Solution procedure fairly simple with 4
measurements - can just invert matrix G

+ With more than 4 (normal case), must solve a
least squares problem - “pseudo-inverse”

T=G&x+V, = F=(G'G)'GM

* One complication is that linearization of G
depends on our current best estimate of x
- Which is (hopefully) improving = iteration might
be required.




station k

T = t® + 1" T° =t +1°
P* =((tR +rR)—(tS +‘L’S)) c =(tR —tS) c+(rR —‘L’S) c =pRS(tR,tS)+(tR —rS) c
Pseudo range — measure time, not range.
Calculate range from r=ct

Blewitt, Basics of GPS in “Geodetic APPlications of GPS”



From Pathagoras

(00%) = [ 1) () (5°(0) ") 0=
(x 135,25) and 7° known from satellite navigation message

(XK, yR,zR) and X are 4 unknowns

Assume c constant along Path, ignore rclativitg.



Complicating detail, satellite Position has to be
calculated at transmission time.

Satellite range can change 139 up to 60 m during the
aPProximatelg 0.07 sec travel time from satellite to
receiver.

A | 4 I p y )3
Us:ng receive time canresuit in 10 s m error In range.

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Calculating satellite transmit time

£(0) = ¢* =(T* -7°)
‘

) pSR(tR’ S(O))

t*(1) = ¢ y
tS(z) /LKL pSR(tR JS<1))

Start w/ receiver time, need receiver clock bias

(once receiver is oPcrating clock bias is |<C|:>t to less than
a few milliseconds)

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Note, have to |<eeJ:> track of which suPcrscriPt IS
exPonent and which is satellite or receiver (later we will
have multiple receivers also) identification.

We have 4 unknowns (x%, y~,25 and 77)
And 4 (nonlinear) equations
(later we will allow more satellites)
So we can solve for the unknowns

Blewitt, Basics of GPS in “Geodetic APPlications of GPs’



GPS gcometry
Ragl:)aths (aPProximatclg) straight lines.

Rea“y function of travel time () but can change to
Psueclo—-rangc.

(xsatl J ysatl J tsatl )

»



Note that GPS |ocat|on IS almost exact ? the same as the
earthcluake location Prob

36



Ina homogeneous half space — ragl:)aths are straight
|incs, again function of travel time t
distance.

ut can also |oo a




| ets look at more general Problem of a |a9<—:red half
space.
Ragpaths are now not limited to straight lines
(mix of refracted and head waves shown).
Now look at travel time, not distance.

(Xsl J ysl J z‘:sl )

)TN

(Kegr Yeqr Zeqsteg) 5



This view will heIP us see a number of Problems with
Iocating earthqua‘ces (some of which will also apply to
GPS).

(Xsl J ysl J z‘:sl )

7

L)) TN

(Kegs Yeqr Zeqsteg) 5



This development will also work for a radia"g sgmmetric

ca

Keg: Yeq Zeqoteg)

rth.

(Xsl J ysl J tsl )

Teq, /

Here again we will look at travel times () rather than
distance.



Let y be a vectorin 4-space gving the location of the
carthcluakc

(3 cartesian coodinates Plus time)

= (x,y,z,t)

| et X be a vector in §~5Pace — location of the station

—

X, = (xk’yk9zk)

Discussion follows Lee and Stewart



What clata/ information is available to locate an
eartlwcluake?

Arrival time of seismic waves at a number of known
locations

T (xk » Vi %k ) TI Ll et ( X, )



Plus we have a model for howhseismic waves travel in the
earth.

This allows us to calculate the travel time to station k

X %)

k calculated \

from an earthcluakc at (location and time, does not rea”g
chcnd on £, but carry it along)

—

X =(x,y,2:t)

So we can dO tl"lC FOI"WBI"C! PI"OIDICITI.



From the travel time Plus the origin time, ¢

(when the earthcluake occurrccl)

we can calculate the arrival time at the kth station

tk,calculated (Xk ’X) I ];c,calculated (Xk ’X) +1



We want to estimate the 4 parameters of x
so we will need 4 data (which gives 4 ecluations) as a
minimum
Unless the travel time — distance relationship is linear

(which it is not in general)

we cannot (easilg) solve these 4 ecluations.

So what do we do?



One Possibilitg is to do the forward calculation for a
Iargc number of trial solutions (usua"g on a gricl)

and select the trial solution with the smallest difference
between the Preclicted and measured data

This is known as a grid search (inversion!) and is
exPcnsivc
(but sometimes it is the onlg wag)




Modifications of this method use ways to cut down on
the number of trial solutions

monte carlo
stcepest descent

simulated anncaling

other



Another aPProach
solve itcrativclg bg
1) Assuming a location
2) Linearizing the travel time equations

3) Use least squares to comPute an acljustment to the
location, which we will use to Procluce a new (better)
location

4) Go back to steP lusing location from stcP %

We do this till some convergence critera is met

(if we’ re |uc|<3)



This is basica"g Newton’ s method



| east squares “minimizes” the difference between
observed ancl moclclecl/ calculated data.

Assume a location (time included)

— K

X [l (x* ,y*’z* ,l‘*)

ancl consider the di{:[:erencc bcthen thc calculatccl ancl
measured values



| east squares minimizes the difference between
observed ancl moclclecl/ calculated data.

for one station we have

robservecl T calculated T V\
noise

r[f(,;})+v

¢

observe& I

\
Did not write calculated here because I can’ t calculate
this without knowing X-



First — linearize the exPression for the arrival time T(X,x)

+(y-f)3—;

X*

/) Uil T 0T 0T 0T
A X.7) ~ 7 s(XX) - Ax + = Ay + - Az + S A
( X) calculated ( X ) 0Xx ay Y 07 dt

Now can Put calculatccl hcrc bccause can calculatc this
using the known (assumecl) yAt but don’ t know these.



Now consider the cliFFerence between the observecl and
linearized T - the residual Az,

A’L— 77 T bSCT’VCCl e T

'e) calculated

Ar=t()2,5(*)+v—r

calculated

LAl O 0T 0T 0T
At=|T_, | d(X,x)+—Ax+—Ay+—Az+—At +V
calculate ax ay aZ at

1 Tcalculate& (X’X )

0 0 0 0
Ar=—TAx+—tAy+—rAz+—tAt+v
0x dy 07 ot



We have the {:o”owing for one station

0T 0T 0T 0T
AT=—Ax+—Ay+—Az+—At+v
0x dy 07 ot

Which we can recast in matrix form

ot ot Ot OJt)|Ay
AT =|— 231 +V
Jox dy dz ot




[ AT, )
AT,
AT,

\AT,,

m

/

Jacobian
matrix

For m stations (where m=4)

L
0x dy
ox dy
0x dy
\ 0x  0Jy

07 ot
07 ot
9T, 9Ty
02 ot
Jat, 0T,
07 ot

)

(v
[ Ax) :
V2
Ay
+ V3
Az .
\A?)
\Von/

/

which is usua"g written as
b=Ax+v



Evaluating the time term

(9n, 95 am|{\d\\

b=Ax+v ox dy 0z
[/ 1 0T 0T 0T

AT = AOX + v — | i et
ox  dy 07

A=|or, oty oty
ox  dy 07

Jor, dtr, JT, i

\ 0x  dy 07 )



b=Ax+vV AT = AOX + vV

E:xPrcsscs linear relationship between residual
observations, Az, and unknown corrections, dx.

Plus unknown noise terms.

| inearized observation cquations

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



Next use least squares to minimize the sum of the squares
of the residuals for all the stations.

AT = AOX +V
F(i) - X[an ()]

Previous linear least squares discussion givcs us
T A = T 1
A AT =A Adx

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



~In GPS Processing we call the matrix A the design matrix
(it goes ]:)3 other names in other Ficlcls)

Coefficients
Partial derivatives of each observation
With resPect to each parameter
Evaluated at Provisional >arameter values

Ahas 4 columns (For the 4 Parametcrs)
an
As many rows as satellites (neecl at least 4)

Can calculate derivatives from the model for the
observations

Blewitt, Basics of GPS in “Geodetic APPlications of GPs”



This is called Geiger’ s method

Published 1910

Not used till ~1960s!
(when gcophgsicists first got hold of a comPuter)



So far
Have not sPeci{:iecl tﬂPC of arrival.
Candowith P onlg, S onlg (?D,Pand S together, or S-P.

Need vclocitg model to calculate travel times and travel
time derivatives
(so earthcluakes are located with resPcct to the assumed
velocitg model, not real earth.
Errors are “formal”, i.e. with respect to model.)

Vclocitg models usua"g latcra"g homogeneous.



Problems: R
; ox dy 9
Column of 1’ s — if one of the other ||\ EL S
columns is constant the matrix is LLEEEL | SRS
’ y , 1 3 3 3
smgular and can’ t be inverted. ox dy 0z
Mathematical Prol:)lem. o) kB
(XS] 3 sl ,t]) 0Xx ay 0z
+ .\ |/
RAITTTIN J/
(xCCP’ yCCl ) ZCCI ) tCCI ) 62



Problems:

it any of the columns are aPProximatelg
constant the matrix is "ill-conditioned"
(looks singular in comPutcr math) and
can’ t be inverted ]:)3 computer.

(xsb sbtl)

0T,

ox
0T,

ox
A =| 0T,

0x

TN

1/

(XCCl’ yCCl ) ZCCI )

t)

63




How can this haPPen: = a;y’l -
-All first arrivals are head waves from or, ot, ot
same refractor LLEEEL | SRS
’ B 3 3 3
= E‘arthquakc outside the network ox dy 0z
or, ot o,
(XS] 3 sl ,t]) 0Xx ay 0z

t .\ [/

DT INT I LT DAL

(xCCP yCCl J ZCCI ) tCCI ) 64



A" {:if'St arrivals arc hcacl waves ‘FFOITI Same re{:ractor

(9’17 0T, 0T, 0T, | % % o1
—~ =constant V k ox dy oz ox  dy
07 dT RGN d T | Jr, 91, AN
ox  dy 0z ox  dy
In this case we A=0%  9% 9% 11 |T] S e
] a.x Qy Qz . 6.x Qy
cannot Flncl the : : P : :
/[l ! ot ot ot 0T ot
ch)th ancl origin time i | (551|132 sl
lnclcPcnclentlg.

IR /
NN /




Earthcluake outside the network

SR ARRRGCRANNE G | i,

JT, 627 [ | o TR\ \
—=constant V k or, 97, 9, oT,
0x c; L I Bt
ax it oyl | 9z 0z
0 4 A=|0dt, 01, 0T, | S Jaty |
P constant V k ox 9y 9z AL EA L
y : : : : 3415 :
Jr, dt, 0T, . Y JT,, |
ax dy 0z 1111

In this case only the azimuth is constrained.

if using both P and S, can also ‘get range, but S “noisier”
than P so is margjna imProvement.

———

Probablg also suH:ering from dePth~origin time coupling
since all first arrivals could be head waves.



Problem gets worse with addition of noise (changes
length of red lines - intersection point moves left/
right - change of distance - much more than in
perpendicular direction - change of azimuth.)

=__§\I




Similar problems with depth.

d/dz column ~equal, so almost linearly dependent on
last column

and

gets worse with addition of noise (changes length of

red lines - intersection point moves left/right [depth,

up/down {drawn sideways}] much more than in
perpendicular direction [position].)

<* 4)




Other problems:

Earthquake locations tend to “stick-on” layers in
velocity model.

When earthquake "crosses" a layer boundary (as
iterate), or the depth change causes the first arrival
to change from direct to head wave (or vice verse or

between different head waves), there is a
discontinuity in the travel time derivative (Newton’s
method). May move trial location a large distance.

Solution is to “damp” (limit) the size of the
adjustments - especially in depth. Location tends to
move horizontally at depth of boundary.



Other problems:

Related to earthquake location, but bigger problem
for focal mechanism determination.

Raypath for first arrival from solution may not be
actual raypath, especially when first arrival is head
wave.

Results in wrong take-off angle.

Since head wave usually very weak, oftentimes don’ t
actually see head wave. Measure P arrival time, but
location program treats it as P,



A look at Newton’ s method

Want to solve for zero(s) of F(x)

Start with guess, Xo.
Calculate F(xo) (Probably not zero, unless VERY |uc|<g) :
Find intercept X, = %a=F (%) /F (X5)



Newton’ s method

Want to solve for zero(s) of F(x)

Now calculate F(x,).
See how close to zero.

If close enough — done.



Newton’ s method
Iif not “close cnough ” do again
Find intcrcept X, = X~F (%) /F (x)

Iif close enough, done, else — do again.




Newton’ s method
X y=x -Fx)/F (x)
What haPPcns when F’ (x,)=07

Gcomctrica"g, you get sent off to imcinitg ~ method fails.




Newton’ s method

How cloes convergence c:lel:)encl on starting valuc?

401 : ’

{ - N
04 - SUSSrSNIUISL TSNS Y w— :

-2 15 1 05 0 05 1 1.5

Some starting values iterate through x_=0 and therefore
do no converge (limited calculation to 35 iterations).



Newton’ s method

Other Problcms

Point is “stationary” (gjves back itself x_ ->x_...).
Iteration enters looP/ cgcle: Xy == Xy =~ Xy =~ OF =X ...

Dervative Problcms (does not exist, eg. absolute value
at0).

Discontinuous derivative.



Newton’ s method aPPIiecl to solution of non-linear,
complex valued, ecluations

Il
/

Consider

22-1=0.




Newton’ s method aPPIiecl to solution of non-linear,
complex valued, ecluations

Consider

Z2-1=0.
Solutions \
Three of them | |}
| e (2rn/3) /
n=0,1,2

Distance =1

Everg 120 clegrees



Newton’ s method aPPIiecl to solution of non-linear,
complex valued, ecluations

Consider
Z2-1=0
Solutions
Three of them
| @ (2mn/3)
n=0,1,2
Distance =1

Every 120 degrces



Take each Point in the complex Plane as a starting guess
and applg Newton s method.

Now

Color the starting
Points to identhcy
which of the three
roots each starti ng
Poi nt converges to
using Newton' s

method.

eg. all the red Points
converge to the root
atl.




| et the intensitg of
each starting point’ s
color be reitecl to
the number of stePs
to converge to that
root

(brighter - converges
-aster, darker —
converges slower)

W




Notice that any
starting Point on the
real line converges to
the root at |

Similar] Points on
line sE)Ping 60
degrees converge to
the other 2 roots.




Notice that in the
~third of the Plane

that contains each

rootthl S are retty TS

WC" ehav




Notice that where any
two domains of
convergence meet, it
looks a little
complicated.

\




Basica"g — the
division between any
two colors is alwags
scParatccl bg the
third color.

\

AT ALL SCALES!




Zoom in



Zoom in again



it you keep doing this (zoom in) the “triple"junctions
start to look like

Mandlebrot sets!

and you will find Points that either never converge or
converge very slowlg.

Quick imPIication —~
linear iteration to solve non-linear inversion Problems
(Newton’ s method, non-linear least squares, etc.)

may be unstable and not work.



