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More on vectorization.
MATLAB is a vectorized high level language

Requires change in Programmiﬂg stgle
(if one alreaclg%nows a non-vectorized
Programming Ianguage such as Fortran, C, Pascal,
Basic, etc.)

Vectorized Ianguages a“ow ol:)erations over
arrays using 5imP|e syntax, essentia”g the same
sgntax one Woulcl use to oPerate over scalars.

(looks like math again.)



What is vectorization?
(with respect to matlab)

Vectorization is the process of writi ng code for

MATLADB that uses matrix oPerations or other

fast built-in functions instead of using exlalicit
looPs.

The benefits of cloing this are usua”g sizeable.

The reason for this is that MATLAB is an
interpreted language. Function calls have very
higlﬁ O\l/CrlﬁCBCl, and inclexiﬂg operations (inherent
in a IooP oPeration) are not Par’ticularly fast.




LooP versus vectorized version of same code.
New commands “tic” and “toc” - time the
execution of the code between them.

>> a=rand(1000);

>> ticj;b=a*a;toc

Elapsed time is 0.229464 seconds.

>> tic;for k=1:1000,for £=1:1000,c(k,1)=0;for m=1:1000, c(k,1l)=c
(k,1l)+a(k,m)*a(m,1l);end, end, end, toc

Elapsed time 1is 22.369451 \seconds.

>> whos
Name Size Bytes Class Attributes
a 1000x1000 8000000 double
b 1000x1000 8000000 double
C 1000x1000 8000000 double
k 1x1 8 double
1 1x1 8 double
m 1x1 8 double

-~ max(max(b-c)) Factor 100 difference in time for

ans =

T multiplication of 103x103 matrix!



Vectorization of T / T
sgnthetic seismogram | L
example from

nplac
o ~
—— -~
~ \
‘\\.
N\
!

Stein and Wgsession = -4 s

Intro to Seismologg and
Earth Structure.

Section on scientific Programming

u(x,t) =) sin(nzx/ L)sin(nmx, /L)cos(a)nt)exp[—(a)nz')2 /4]

n=1



Start bw’us‘c I .',,/\ T !

] « I ' .
"translatmg"t e Fortran g / ;\ \
code into Matlab. o ,? '\/’/ \/ ]

So far we Probablg . - B
cJon't Fu” understancl tf 4I

the math, but we havea :J— e [T
formula and so we can ‘ _‘—>l _
calculate u(x,t). I L

u(x,t)

S sin(nx/ L)sin(nx, / L)cos(w,1)exp|~(w,7)’ 14,
n=1



$synthetic seismogram for homogeneous
string, u(t)
$calculated by normal mode summation

$string length .

alngth=1; DOJ'ng

$velocity m/sec .
Abare translation
gnumber modes

nmode=200; for

ssource position homework

xsrc=0.2;

$receiver position

xrcvr=0.7;

$seismogram time duration

tdurat=1.25;

number time steps

nstep=50;

$time step

dt=tdurat/nstep;

¥source shape term

tau=0.02;

fprintf('%$s\n', 'synthetic seismogram for
string')
fprintf ('
nmode)
fprintf('%s %0.59g %0.5g\n', 'length and
velocity', alngth, c)

fprintf('%s %0.5g %0.5g\n', 'posn src and
rcvr' ,Xsrc,Xrcvr)

fprintf('%s %0.5g %0.5g %0.5g\n', 'durn,
time steps, del t',tdurat,nstep,dt)

$s %0.5g\n', 'number modes',

fprintf('%s %0.5g\n', 'source shape',

tau)

ginitialize displacement Ej%ﬂng

for cnt=l:nstep ckxaneclu
u(cnt)=0; )

and VeErsion O‘F

for k=1l:nstep Fortran
E((bs)=eE (L=l ) program in

end ) d

souter loop over modes ‘Ste”]?n

for n=1:nmode VVQSCSSKDH
anpial=n*pi/alngth; “h?nnﬂatccp

sspace terms - src & rcvr tC)kAatkﬂD.
sxs=sin(anpial*xsrc);
sxr=sin(anpial*xrcvr); <h30k-

calculation of
time out of

smode freq
wn=n*pi*c/alngth;
%time indep terms

scale=exp(-dmp/4); IS
space=sxs*sxr*scale; recalculated

2inner loop oner time steps iﬁt/
cac imc

for k=1l:nstep
t=dt*(k-1);
cwt=cos(wn*t);
cwt=cos (wn*t(k));
gcompute disp
u(k)=u(k)+cwt*space;
end

through,
waste of time,
calculate as
vector once

at beginning)

o0 o©

end

plot(t,u)



Sgnthetic seismo%ram Procluced bg Matlab code
trans ated From Fortran.




Variables

>> whos
Name Size Bytes Class Attributes
alngth 1x1 8 double
anpial 1x1 8 double
Cc 1x1 8 double
cnt 1x1 8 double
cwt 1x1 8 double
dmp 1x1 8 double
dt 1x1 8 double
k 1x1 8 double
n 1x1 8 double
nmode 1x1 8 double
nstep 1x1 8 double
scale 1x1 8 double
space 1x1 8 double
SXr 1x1 8 double
SXS 1x1 8 double
t 1x1 8 double
tau 1x1 8 double
tdurat 1x1 8 double
1x50 400 double
8 double



Let's return to the /\ o |
original Problem and try g . Jl ]
to understand what is : o l’\\/ _3\\/ N
going on. e T
— - Dt
We will use this to tf\_ﬁ Mfwﬂ o
understandi ng to - R [T
further vectorize : p—
(speed up) the code. 1 Im

u(x,t)

S sin(nx/ L)sin(nx, / L)cos(w,1)exp|~(w,7)’ 14,
n=1



This isjust the Fourier domain representation for
waves on a string with fixed ends
u(x,t) = Esin(mrxs /L)sin(mrx / L)cos(oont)exp[—(a)nr)2 /4]
n=1
(Note: W = n*a)o)

V3

u(x,t) = j(sin(mms /L)exp —(wnr)z /4

AY

sin(nmwx / L)cos(a)nt)

Weigl’)t - Nno clepenclence
onxort, onlg ,,.

i & , ,
sin (I/IJ'L’X / L) COS (0) t) Sfcand/mg wave made From 2 OPPOSItC
n direction traveling waves. Amplltucle
n=l JE W’c does not "move"
u(x,t) = Ea: [cos(mrx / L+ a)nt) + cos(mtx / L — a)nt)]
Going lett Going right




Normal MOCIC (and combination of traveling waves to make standing wave)
formulation for displacement of a string

u(x,t)=Acos (kx+wt)+ Acos(kx —wt)
u(k,w)=Acos (kx+wt)+ Acos(kx-wt)
u(x,t)=ulk,w)=2Acos(wt)cos(kx)

u (x,t)=cos(k x/L)cos(w,t)

where w =vk

This is a sinusoidal wave that is

fixed in space, cos (kx), whose -
amplitucle is modulated

harmoniea”g N time, cos (wWt)



Do over a range
of Frequencies.

Delta functions
going right on
toP

and left in
middle

and combined
(bottom).

kxt+wt)+Acos (kx—-wt)
+Acos (kx-wt)

R
Ry

025 _02 -015

-01

0

005 01

015

02

025



| ook at the basic element of Fourier series,
Weiglﬁtecl sum of sin and cos functions

4 & (look at cos onlg to see how works) .
u(t,)= 70 + Zlan cos(w,t,)

u(tm)=%+(011 a, a, - an)°(cos(a)1tm) cos(a)ztm) cos(w3tm) cos(a)ntm)) <« Dot Procluct
cos(w,t,, ) . ol (ca);
cos(s, ) <——— or matrix multiply: ac=(c'a \
u(t,)=="+(a, a, a; --- a,)| cos(wst,) =%+(cos(wltm) cos(w,t,,) cos(wyt,,) -+ cos(w,t,))| a

cos(a;ItT) cos(a)ﬂ cos(wyt,) -+ cos(w,t,) “
a
) - % " cos(myt,,,,) cos(wyt,,,) cos(wyt,,) -+ cos(w,t,,) az
cos(wjt,.,) cos(wy,. ) cos(wyt,.,) - cos(ot,.) || 4
T - #
it = Y LW a matrix multiplg, at multiple times to make full seismogram




| ook at the basic Fourier series

At constant time, weighted
|

sum of cosines at different g
Frequencies at that time —{-cos{ot.}—cos{et. ) cos{ew st ) cos{w.t.) al
2
(et )= % . cos(fw].tmﬂ) cos((io.z.tmﬂ) cos((foitmﬂ) cos(c.o.n.tmﬂ) .
cos(ayt,.,) cos(w,t,.,) cos(wt, ) - cos(w,t, ;) i
n
(t, i t,.,)= % +Wa

v
constant Frequencg cosine as function of time
(basis functions)

This is multiplication of a matrix (with cosines as
functions of Frequeﬂcg _ across - and time -
down) times a vector containing the Fourier series
weiglﬂts.



We havejust vectorized the equa’cions for the
Fourier series!




Even though this is a major imProvement over
doin %ﬂs with for loopsj and is clear
concep’tua@, it is still not "computable” as it takes
O(N?) operations (and therefore time) to do it.
This is OK for small N, but quickly gets out of

hand.

Fourier analgsis IS tyl:)icaug done using the Fast
Fourier transtorm (FFT) algorithm — which has
O(N log, N) oPerations and is signhcicantlg
faster for large N.



Fourier decomposition.

“Basis” functions are the
sine and cosine functions.

Notice that first sine term is
all zeros (so don’t rea”g
need it) and last sine term
(not shown) is same as last
cosine term, just shifted one

— sowill on Yy need one of
these) .

f:igure from Smith

cosine waves

.................................




Fourier transtorm (actua”9
Fourier series)

N N
u(t,) = % + E a,cos(w,t, )+ Ebn sin(w, ?,,)
n=1 n=1

The Fast Fourier Transform (FFT)

clepencls on noticing that thereis

alot of rePetition in the
calculations — each hig er
Frequencg basis function canbe
made bg selecting Points from the
wg function. The Weight value is
multiplied by the same basis
function VaI%e an increasing
number of times as w increases.

f:igure from Smith

=

.................................




FET
N N x[n :
u(t,) = % + Zan cos(w, 1, ) + ;bn sin(w, 7,,) e -
The FFT uses re[gularities of the I 7
calculation to calculate the basis
functions and then Basica”g does ™" ifff;ffffgf’?ﬁ?’géfféﬁffﬁ
each unic]ue multiplication onl BEEEN
once, stores it, anc then cloes the []nga
bookeepingto add them all up - 1
correctl Y ’ "‘xu/”xu/'
""""" “a,
The points in the trace at the top 555+
5 B S Y R
are made from vertical sums of Twa

the weighted Points at the same

time in the cos and sin traces in -«

tl’]C bottom.

f:igure from Smith

.................................




FET

N N
u(t,)= 02_0 + Ean cos(w,1,, )+ Ebn sin(w, z,,)
n=1 n=1

N
a mn -
u(tm)=70+2anN : W = e 2V
=1

The FFT uses the Fo”owing
sgmmetrg Prol:)erties

Symmetry W2 =Wy

— W =Wk
Perlocllotg N N

FFT needs number Points =
power of 2.

f:igure from Smith

Decomposition

.................................




points

o0 o0 o©

o0 o°

o°

o0 o°

(sec)

o0 o°

M=50;
xs=0.25;
xr = 0.7;
c=1;

number of time samples M

source/receiver position:
Xxs/xXr (meters)

speed c (meters/sec)
length L (meters)

number of modes N

source pulse duration Tau

length of seismogram T (sec)

Samepn¥§amhﬁwbﬂab
after vectorization (is

mostlg comments!)

$time vector, 1 row by M

umns: start, step, stop
eed lots, calc once



cos(wt,) cos(w,r,) cos(wt,) - cos(w,t,) .
a
u(t,, tm+k)_%+ cos(apt,,,) cos(wy,,,) cos(wyt,,) - cos(alt,.,) az
cos(at,,) cos(wyt,,,) cos(wyt,,) - cos(w,t,,) -
n
ﬁ(rm:zm+k)—%+u7a | | | !

(Note: o = n*a)o)




We need to make the matrix and the vector
Making the matrix.

What size does it have to be?

What cloes eaclﬂ rOW ancl column represent?




There are N=200 columns for the M Frequencies

There are N=50 rows for the N sam]:)les in the seismogram
time series.

How do we ma|<e the elements (k,l) of the matrix?

Use Fact that Values neeclecl are Prol:)ortional to ‘< ancl l



Make aPProPriate vectors for time and Frec]uencg.

How big is ecach?

How combine them to make the matrix as a function of k

and |7




Multiplg elements of the matrix bﬂ dt and w,.

Take cosine of matrix.




Now calculate the weights.

Note the weights Aepencl on n, and W, Jbu’c not t.

All £ clel:)enclence is in the matrix elements.




So now have matrix with the trigconometric basis
functions and a vector of the weights.

Just multipl them!
(careful with sizes)




This is not the way it is tupically done (althou h some
, , ypiealy =l
People still do it the "Fortran wag) as it is stil Q(N2).

The Matlab matrix multiPIication method is faster than
the Matlab loop method.

(a goocl Fortran comlailcr will Eeat the Pan‘cs ot either
implementation in Matalb).

We did it this way for educational purposes.

Tt Pica”g, it is done using the FFT (Fast Fourier
Trans%orm) aleorithm which avoids cluplication of etort
in the mul%iplications and results in O(N log2 N)
multiplications.



For a time series 2/6=65,5%6
(FFT needs number of Points = power of two, this is

Prett9 typical number of Pomts In seismogram, about 10
minutes at 100 Hz saml:)!ing)

We need O (16 * 21)=1,048,576
Vs
4294967296
Multiplications (slow)

(ratio 2.44140625e-4 -> 4096 times faster!)



Two Iessons

\/ecotorizing Matlab (turn loops into matrix operations)
makes Matlab O lots Faster.

Should do it.

Vectorizing N general

~1s not algorithmic
- 1S5 case sPechCic

can give gi%antic speecl imProvements (much more than
Matlab style Vectorizing) and even make something that

IS non~computablc, computable.

But is lots of work - an art!



Get same {:igure as before.




