Hilbert Transform

Sometimes also called the quadrature function.
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Recall

Flcos(wyt)] = %[S(a) + wy) + 6(w — wy)] ‘ I
—Wq Wo
Flsin(wyt)] = %i[S(a) + wy) — 6(w — wy)] ‘ Wo
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We can express this operator H[ | as a convolution with its transfer function,

h(t) * cos(wyt) = sin(wyt)
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Signum function, sgn(w) .
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Signum function, sgn(w) . )
w =0
= d in t f i
requency domain transfer .
function for our 90° phase S EYR TG, ; > —|
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Signum function, sgn(w) . )
w =0
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Signum function, sgn(w) . )
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So we can phase shift an arbitrary function (where the FT exists) by
convolving with h(t).
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Signum function, sgn(w) . )
w =0
F d in t f i
requency domain transfer L
function for our 90° phase S EYR TG, ; —i
shifter, i
w=20
=il -1 . e | 1
h(t) = F ' [H(w)] = F[—isgn(w)] = —iF~[sgn(w)] = =, From tables.

So we can phase shift an arbitrary function (where the FT exists) by
convolving with h(t).

h(t) = f(t) = f_oof(t D dr = foooo {f? dt = Hilbert transform.
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Because of the pole in the transform, and depending on f(t), a technique such as
Cauchy Principal Value may be needed to solve the integral.
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Because of the pole in the transform, and depending on f(t), a technique such as
Cauchy Principal Value may be needed to solve the integral.

If the pole is at y on the interval [, 8]

B 2E B
PVj f(t)dr = .l€1_1>r(1) UY f(T)dT-l—j f(T)dT]

14
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Because of the pole in the transform, and depending on f(t), a technique such as
Cauchy Principal Value may be needed to solve the integral.

If the pole is at y on the interval [, 8]

B 2E B
PVj f(t)dr = .lgl_r)r(l) UY f(T)dT-l—j f(T)dT]

14
Or one could use tables or the matlab hilbert function.

The matlab hilbert command returns the analytic signal rather than the Hilbert

transform.
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The analytic signal is such that the real and imaginary parts are related by the
Hilbert transform and has a one-sided spectrum.

a(t) = ¢(t) — iH[¢(0)]
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The analytic signal is such that the real and imaginary parts are related by the
Hilbert transform and has a one-sided spectrum.

a(t) = ¢(t) — iH[¢(0)] Recall H[¢()] = h(t) * ¢(E)

Fla(@®] = Flo(®O)] — iF{H[¢(®)]}
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The analytic signal is such that the real and imaginary parts are related by the
Hilbert transform and has a one-sided spectrum.

a(t) = ¢(t) — iH[p(D)] Recall H[¢(£)] = h(t) * ¢(t)
Fla(®)] = F[¢p(©)] — iF{H[¢ ()]} F{H[¢(D)]} = F[h(t) * $(D)]
= H(f)P(f)
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The analytic signal is such that the real and imaginary parts are related by the
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a(t) = ¢(t) — iH[p(®)] Recall H[¢(£)] = h(t) * ¢()
Fla(®)] = Fl¢p(®)] — iF{H[¢$ ()]} F{H[¢ ()]} = F[h(t) * ¢p(D)]
= H(f)P(f)
= —isgn(f)P(f)
sgn(f)
> 1
_1 < :
fEo
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The analytic signal is such that the real and imaginary parts are related by the
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The analytic signal is such that the real and imaginary parts are related by the
Hilbert transform and has a one-sided spectrum.

a(t) = ¢(t) — iH[p(®)] Recall H[¢(£)] = h(t) * ¢()
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The analytic signal is such that the real and imaginary parts are related by the
Hilbert transform and has a one-sided spectrum.

a(t) = ¢p(t) — iH[P(D)] Recall H[¢(£)] = h(t) * ¢(¢)
Fla(®)] = Fl¢p(®)] — iF{H[¢$ ()]} F{H[¢ ()]} = F[h(t) * ¢p(D)]
= () — ilisgn(HP(f)] =AU
= —isgn(f)®(f)

= ®(f) + sgn(f) ®(f)

I o G

F] {ZCD(f), f>0 sgn(f) 3

_1 < :
f0
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Then for a real valued signal, the analytic function is the inverse fourier
transform of the one-sided spectrum of the real-valued signal.

W g

That is, given ¢(t) and it's one sided spectrum, {ZCD(f), F>0

The inverse FT of that one sided spectrum is the analytic signal. And
the real part of the analytic signal is the original real-valued function.

run matlab program hilber_examp.m
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a(t) = ¢(t) — iH[p(D)] = |a(t)|e?® la(t)| is the envelope function of ¢(t)
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a(t) = ¢(t) — iH[p(D)] = |a(t)|e?® la(t)| is the envelope function of ¢(t)

https://www.mathworks.com/help/signal/ug/envelope-extraction-using-the-analytic-signal.html (last accessed July 27, 2020)

t=0:1e-4:0.1;
x = (
plot(t,x) xlim([0 0.04])

[{]]
f(! MMV
| “‘M ») H‘Un ‘

’.“ !

0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04

1 +cos(2*p|*50*t)) *cos(2*pi*1000%t);
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https://www.mathworks.com/help/signal/ug/envelope-extraction-using-the-analytic-signal.html

y = hilbert(x); <+—— Returns the analytic signal not the Hilbert transform. =
env = abs(y);

plot_param = {'Color’, [0.6 0.1 0.2],'Linewidth',2};

plot(t,x)

hold on

plot(t,[-1;1]*env,plot_param{:})

hold off

xlim([0 0.04])

title('Hilbert Envelope')

Hilbert Envelope

The magnitude of the analytic
signal captures the slowly
varying features of the signal,
while the phase contains
information about the higher

frequencies.
MEMPHIS
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a(t) = ¢p(t) — iH[p ()] = la(t)|e?®

H[¢p(t)
0(t) =tan?! [ ]
o () Instantaneous phase
do
w(t) = . Instantaneous frequency

The instantaneous frequency tells us how the frequency of a signal varies with time.
This is more useful for tracking quasi-monochromatic signals, or monochromatic

changes in time, e.g. FM signals superimposed on a carrier wave or chirp functions
used in reflection seismology.

You will see the analytic function in several places including developing a causal

transfer function for dispersive media and in exploration seismology.
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